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MAGNITUDE HOMOLOGY OF GEODESIC SPACE
KIYONORI GOMI
Abstract. This paper studies the magnitude homology groups of geodesic
metric spaces. We start with a description of the second magnitude homology
of a general metric space in terms of the zeroth homology groups of certain
simplicial complexes. Then, on a geodesic metric space, we interpret the de-
scription by means of geodesics. The third magnitude homology of a geodesic
metric space also admits a description in terms of a simplicial complex. Un-
der an assumption on a metric space, the simplicial description allows us to
introduce an invariant of third magnitude homology classes as an intersection
number. Finally, we provide a complete description of all the magnitude ho-
mology groups of a geodesic metric space which fulfils a certain non-branching
assumption.
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1. Introduction
The magnitude [8] of a metric space (X, d) is an invariant which “effectively”
counts the number of points on X . As its categorification, the magnitude homology
is introduced [5, 9]. Since its introduction, a number of works have appeared
recently. For example, a problem raised in [5, 9] is the existence of torsions in
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magnitude homology groups. This is solved affirmatively in [7]. Another problem
is to introduce a blurred version of magnitude homology [9], which is solved in [10].
Because of its origin, the magnitude homology is defined in a rather categorical
or algebraic way, and its geometric meaning is much less clear. This contrasts with
the singular homology of a topological space, which appeals more or less to our
geometric intuition. To uncover geometric meanings of the magnitude homology is
the motivation of the present paper.
Regarding low degree magnitude homology groups, some results are known [5,
9]. To review these results, we denote by Hℓn(X) the nth magnitude homology
group of a metric space (X, d) with its “characteristic length” ℓ. In general, a
magnitude homology class in Hℓn(X) is represented by a linear combination of
“chains” 〈x0, · · · , xn〉 of points x0 6= x1 6= · · · 6= xn on X constrained as
d(x0, x1) + d(x1, x2) + · · ·+ d(xn−1, xn) = ℓ
by the (non-negative) real number ℓ. Then it is known [5, 9] that
Hℓ0(X) =
{ ⊕
x∈X Z〈x〉, (ℓ = 0)
0, (ℓ > 0)
Hℓ1(X) =
{
0, (ℓ = 0)⊕
d(a,b)=ℓ
a<∄x<b
Z〈a, b〉, (ℓ > 0)
where a < ∄x < b means that there is no point x such that a 6= x 6= b and
d(a, x) + d(x, b) = d(a, b). Therefore the zeroth magnitude homology is generated
by the points on X . Notice that the existence of a point x such that a 6= x 6= b and
d(a, x) + d(x, b) = d(a, b) for any a, b ∈ X is the characterization that X is Menger
convex. Geodesic metric spaces are examples of Menger convex metric spaces. Then
the description above tells us that a Menger convex space X has the trivial first
homology Hℓ1(X) = 0 for any ℓ. For the second magnitude homology, a description
in terms of chains is also given in [9] when X is a geodetic metric space satisfying
some additional assumptions.
Since the zeroth and first magnitude homology groups of a metric space are
understood as above, the present paper begins with a study of the second and
third magnitude homology groups, in the case that the metric space is in particular
geodesic. Before the statements of our results, we notice two basic facts. The first
fact is that the magnitude homologyHℓn(X) of a metric space (X, d) admits a direct
sum decomposition
Hℓn(X) =
⊕
a,b∈X
Hℓn(a, b),
where Hℓn(a, b) is made of chains 〈x0, · · · , xn〉 whose “endpoints” are x0 = a and
xn = b. Thus, we will mainly concerned with the direct summand H
ℓ
n(a, b) in this
paper. The second fact is that the direct summand Hℓn(a, b) is trivial whenever
ℓ < d(a, b), and Hℓn(a, b) with ℓ = d(a, b) and n ≥ 2 admits a description
Hℓn(a, b)
∼= Hn−2(A(a, b))
in terms of the reduced simplicial homology of a simplicial complex A(a, b). The
vanishing in the case of ℓ < d(a, b) follows directly from an estimate of the length
of chains, whereas the description in the case of ℓ = d(a, b) is a result in [7] (see
§§2.2 for detail).
Now, our result about the second magnitude homology (Theorem 3.6) is:
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Theorem 1.1. Let (X, d) be a metric space, and ℓ a real number. For any a, b ∈ X,
we have
Hℓ2(a, b)
∼=

0, (ℓ < d(a, b))
H0(A(a, b)), (ℓ = d(a, b))
H0(B
ℓ(a, b)), (ℓ > d(a, b))
where H0(B
ℓ(a, b)) is the zeroth homology group of a simplicial complex Bℓ(a, b).
In general, the zeroth (reduced and unreduced) homology group of a simplicial
complex is torsion free. Thus, we can conclude that the second magnitude homol-
ogy Hℓ2(X) is torsion free for any metric space X and any real number ℓ. As is
mentioned, the existence of torsions in magnitude homology is shown in [7]. More
precisely, the argument in [7] tells that the magnitude homology group Hℓn(X) can
contain a torsion subgroup if n ≥ 3. In view of this fact, a problem raised by Hep-
worth 1 is whether the second magnitude homology admits torsions or not. Our
result solves this problem.
The part Hℓ2(a, b)
∼= H0(Bℓ(a, b)) appearing in the case of ℓ > d(a, b) is trivial if
(X, d) is a geodesic space. Under this assumption, H0(A(a, b)) admits an interpre-
tation by means of certain equivalence classes of geodesics on X . Concretely, let
Geod(a, b) denote the set of geodesics joining a to b. We can then generate an equiv-
alence relation on Geod(a, b) by a relation f ∼ g for f, g ∈ Geod(a, b) which exists
only when f and g intersect at a point other than a or b. We write Z[π0(Geod(a, b))]
for the free abelian group generated by the equivalence classes of geodesics in
Geod(a, b). This group has a surjective homomorphism ǫ : Z[π0(Geod(a, b))] → Z
induced from ǫ(f) = 1 for f ∈ Geod(a, b). Using these notations, we can describe
the direct summand Hℓ2(a, b) of the magnitude homology of a geodesic space (X, d)
as follows (Corollary 3.15):
Hℓ2(a, b)
∼=
{
Ker[ǫ : Z[π0(Geod(a, b))]→ Z], (d(a, b) = ℓ)
0. (d(a, b) 6= ℓ)
For the third magnitude homology, we have the following result (Theorem 4.6).
Theorem 1.2. Let (X, d) be a geodesic space, and ℓ a real number. For any
a, b ∈ X, there is an isomorphism
Hℓ3(a, b)
∼=
{
H1(A(a, b)), (ℓ = d(a, b))
0. (ℓ 6= d(a, b))
Using the above description, we can prove the vanishing of the third magnitude
homology, if X is a uniquely geodesic space (Corollary 4.7), or more generally, if X
is a geodesic space satisfying a certain non-branching assumption (Corollary 4.9).
This assumption (Assumption 4.8) is that: for any a, b ∈ X , if two geodesics f
and g joining a to b share a point other than a or b, then they coincide: f =
g. This assumption is equivalent to that each equivalence class in π0(Geod(a, b))
is represented by a unique geodesic. It should be noticed that a connected and
complete Riemannian manifold satisfies the assumption. Thus, for example, we get
the vanishing of the third magnitude homology of the circle with geodesic metric,
as shown in [2].
Using the description also, we introduce an invariant of third magnitude homol-
ogy classes in Hℓ3(a, b) with ℓ = d(a, b). The key to the formulation of this invariant
1https://golem.ph.utexas.edu/category/2018/04/torsion_graph_magnitude_homolo.html
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is that an element in Hℓ3(a, b)
∼= H1(A(a, b)) with ℓ = d(a, b), being a first homol-
ogy class of a simplicial complex, can be represented by a closed edge path of the
simplicial complex A(a, b). Under an assumption (Assumption 4.10), which seems
somewhat strong, we can associate to the edge path a geometric path in X . Then,
counting the intersection number of this geometric path and a geodesic f joining a
to b, we define an invariant of the third magnitude homology classes, which gives
rise to a homomorphism (Corollary 4.15)
νf : H
ℓ
3(a, b)→ Z.
By an example, this homomorphism turns out to be non-trivial in general. For
the time being, the dependence of νf on f and relationship between νf and the
magnitude cohomology [4] are unknown. These issues deserve future works.
In the results about the second and third magnitude homology groups so far,
the descriptions become simple when a geodesic space satisfies the non-branching
assumption (Assumption 4.8). Remarkably, this assumption leads to a complete
description of all the magnitude homology groups (Theorem 5.18).
Theorem 1.3. Let (X, d) be a geodesic space satisfying Assumption 4.8, namely,
for any a, b ∈ X, if two geodesics f joining a to b share a point other than a or b,
then f = g. Then the nth magnitude homology group Hℓn(X) of length ℓ > 0 admits
the following description.
(a) If n is odd, then Hℓn(X) = 0 for any ℓ.
(b) If n = 2q is even, then
Hℓn(X)
∼=
⊕
ℓ1,...,ℓq
⊕
ϕ0,...,ϕq
⊕
f1,...,fq
Z(f1, . . . , fq).
In the above, the direct sum is taken over:
• positive real numbers ℓ1, . . . , ℓq such that ℓ = ℓ1 + · · ·+ ℓq,
• points ϕ1, . . . , ϕq ∈ X such that d(ϕi−1, ϕi) = ℓi for = 1, . . . , q;
• geodesics fi ∈ Geod(ϕi−1, ϕi) such that fi 6= f i for i = 1, . . . , q,
where f i ∈ Geod(ϕi−1, ϕi) are geodesics chosen arbitrarily as references.
We mean by Z(f1, . . . , fq) the free abelian group of rank 1 generated by the
formal symbol (f1, . . . , fq).
We can derive a number of results from the theorem. An immediate consequence
is that the magnitude homology of a geodesic space is torsion free, provided the
non-branching assumption (Corollary 5.19). Another immediate consequence is
the vanishing of positive degree magnitude homology groups in the case where the
metric space X in question is a uniquely geodesic space (Corollary 5.20). This
covers the vanishing in the case where X is a convex subset of RN with Euclidean
distance [7], and that in the case where X is a connected and complete Riemannian
manifold which is uniquely geodesic as a metric space [6]. If possible geodesics
are known, then we can explicitly describe the magnitude homology. For example,
we can determine the magnitude homology of the circle S1 of radius r > 0 with
geodesic metric as follows:
Hℓn(S
1) ∼=
{
Z[S1], (n ≥ 0 even and ℓ = πrn/2)
0. (otherwise)
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Note that, so far, Hℓn(S
1) is determined only when n or ℓ is small [2, 7, 9]. Based on
the universal coefficient theorem [4] and the explicit basis, we can also determine the
magnitude cohomology ring of S1, the detail of which is left to interested readers.
Thanks to Theorem 1.3 (Theorem 5.18), the magnitude homology of a geodesic
space is well understood under the non-branching assumption (Assumption 4.8).
However, as mentioned above, the (third) magnitude homology of a geodesic space
is generally non-trivial. It is not clear to what extent the description under the
assumption can be generalized.
To conclude the introduction, we point out that our results have the tendency
that some assumptions about the uniqueness of geodesics simplify the magnitude
homology groups. The extreme case is the vanishing of positive degree magnitude
homology of a uniquely geodesic space. Therefore a possible geometric intuition
about the magnitude homology of a geodesic space would be: “The more geodesics
are unique, the more magnitude homology is trivial”.
The present paper is organized as follows: In §2, we review the definition of the
magnitude homology, and the fact that Hℓn(a, b) with ℓ = d(a, b) is identified with
the simplicial homology Hn−2(A(a, b)). We also review the smoothness spectral
sequence [2], which is applied to the proof of our main descriptions (Theorem 3.6,
Theorem 4.6 and Theorem 5.18). After that elementary facts about geodesic spaces
are reviewed. Then, in §3, we study the second magnitude homology of general
metric spaces and geodesic metric spaces. §4 is devoted to the third magnitude
homology of a geodesic metric space and its invariant. Finally, in §5, we provide
the complete description of the magnitude homology under Assumption 4.8.
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2. Preliminary
2.1. Magnitude homology. We review here the definition of the magnitude ho-
mology. The basic references are [5, 9], although we use some different notations.
LetX be a set. For a non-negative integer n, an n-chain 〈x0, · · · , xn〉 is defined to
be a sequence of points x0, · · · , xn onX . An n-chain 〈x0, · · · , xn〉 is said to be proper
if the adjacent points in the sequence are pairwise distinct: x0 6= x1 6= · · · 6= xn. We
write P̂n(X) for the set of n-chains and Pn(X) ⊂ P̂n(X) that of proper n-chains.
Suppose that X is equipped with a distance d : X ×X → R, so that (X, d) is a
metric space. We then define the length of an n-chain 〈x0, · · · , xn〉 ∈ P̂n(X) by
ℓ(〈x0, · · · , xn〉) = d(x0, x1) + · · ·+ d(xn−1, xn).
We denote by P̂ ℓn(X) ⊂ P̂n(X) the set of n-chains of length ℓ, and by P
ℓ
n(X) ⊂
Pn(X) that of proper n-chains of length ℓ.
For two (distinct) points x, z ∈ X given, we say that y ∈ X is (strictly) between
x and z, and write x < y < z, if x 6= y 6= z and d(x, y) + d(y, z) = d(x, z). The
notation x 6< y 6< z means that y is not between x and z.
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For a proper 2-chain 〈x0, x1, x2〉, we have ℓ(〈x0, x1, x2〉) = d(x0, x1) if and only
if x0 < x1 < x2. However, for a proper 3-chain 〈x0, x1, x2, x3〉, the two relations
x0 < x1 < x2 and x1 < x2 < x3 (which we often write x0 < x1 < x2 < x3)
do not generally imply ℓ(〈x0, x1, x2, x3〉) = d(x0, x3). A 3-chain 〈x0, x1, x2, x3〉
such that x0 < x1 < x2 < x3 and ℓ(〈x0, x1, x2, x3〉) > d(x0, x3) is called a 4-cut
[7, 9]. It is straight to see that a proper 3-chain 〈x0, x1, x2, x3〉 ∈ P3(X) such
that x0 < x1 < x2 < x3 is a 4-cut if and only if x0 6< x2 6< x3 (or equivalently
x0 6< x1 6< x3).
For a metric space (X, d) and a non-negative integer n, we let Cℓn(X) be the free
abelian group generated by proper n-chains of length ℓ. For a negative integer n,
we set Cℓn(X) = 0. For n ≥ 1, we define a homomorphism ∂ : C
ℓ
n(X)→ C
ℓ
n−1(X)
to be the linear extension of
∂〈x0, · · · , xn〉 =
∑
1≤i≤n−1
xi−1<xi<xi+1
(−1)i〈x0, · · · , xi−1, xi+1, · · · , xn〉.
If we introduce the notation
∂i〈x0, · · · , xn〉 =
{
〈x0, · · · , xi−1, xi+1, · · · , xn〉, (xi−1 < xi < xi+1)
0, (xi−1 6< xi 6< xi+1)
then we can write ∂ =
∑n−1
i=1 (−1)
i∂i. For n ≤ 0, we define ∂ : Cℓn(X)→ C
ℓ
n−1(X)
to be trivial. It turns out that (Cℓ∗(X), ∂) is a chain complex, called the magnitude
chain complex. Its homology Hℓ∗(X) is the magnitude homology of (X, d).
The magnitude complex and the magnitude homology admit intrinsic direct sum
decompositions: Given two points a, b ∈ X , we define P ℓn(a, b) ⊂ P
ℓ
n(X) to be the
set of proper n-chains 〈x0, · · · , xn〉 of length ℓ such that x0 = a and xn = b. We
let Cℓn(a, b) be the free abelian group generated on P
ℓ
n(a, b). We clearly have the
direct sum decomposition
Cℓn(X) =
⊕
a,b∈X
Cℓn(a, b).
It turns out that the boundary map ∂ on the magnitude complex Cℓ∗(X) restricts
to one on Cℓ∗(a, b). In this way, we get a subcomplex (C
ℓ
∗(a, b), ∂) for each a, b ∈ X ,
and the direct sum decomposition of the magnitude complex. As a result, we also
have the direct sum decomposition of the magnitude homology
Hℓn(X) =
⊕
a,b∈X
Hℓn(a, b).
Remark 2.1. One can regard Cℓn(X) as a subgroup of the non-commutative polyno-
mial ring generated onX . In this ring, an element such as x(y1+y2)z = xy1z+xy2z
makes sense. In accordance with this fact, we will use later notations such as
〈x, y1 + y2, z〉 = 〈x, y1, z〉+ 〈x, y2, z〉
2.2. A simplicial complex in magnitude homology. Let (X, d) be a metric
space, and ℓ a real number. For two points a, b ∈ X , let Hℓn(a, b) be the di-
rect summand of the magnitude homology. The length of any chain of the form
〈a, x1, · · · , xn−1, b〉 has the lower bound ℓ(〈a, x1, · · · , xn−1, b〉) ≥ d(a, b). From this,
it clearly follows that Hℓn(a, b) = 0 if ℓ < d(a, b). In the case that ℓ = d(a, b), the di-
rect summand Hℓn(a, b) is described as the homology of a simplicial complex [7]. We
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review here this simplicial complex. (As a basic reference of simplicial complexes,
we refer to [12].)
The key to the description is a property of a geodesically simple chains [7]:
Let 〈a, x1, · · · , xn−1, b〉 ∈ Cℓn(a, b) be a proper n-chain of length ℓ. Under the
assumption ℓ = d(a, b), we have a < x1 < · · · < xn−1 < b. Furthermore, we
have a < xi1 < · · · < xik < b and hence 〈a, xi1 , · · · , xik−1 , b〉 ∈ C
ℓ
k(a, b) for any
i1, . . . , ik−1 such that 1 ≤ i1 < · · · < ik−1 ≤ n− 1.
Definition 2.2. Let (X, d) be a metric space, and a, b ∈ X distinct two points.
We define a simplicial complex A(a, b) as follows:
(a) A vertex (0-simplex) of A(a, b) is a point x ∈ X such that a < x < b, or
equivalently a 6= x 6= b and d(a, x) + d(x, b) = d(a, b).
(b) A (p−1)-simplex {x1, · · · , xp} of A(a, b) consists of vertices x1, · · · , xp such
that a 6= x1 6= · · · 6= xp 6= b and
d(a, x1) + d(x1, x2) + · · ·+ d(xp−1, xp) + d(xp, b) = d(a, b).
(Hence a < x1 < · · · < xp < b holds true.)
(c) For a (p − 1)-simplex {x1, · · · , xp} of A(a, b), we give a total order x1 ≺
· · · ≺ xp of vertices x1, · · · , xp when they satisfy a < x1 < · · · < xp < b.
By the equivalence class of the total order, the (p− 1)-simplex is oriented.
Let (C∗(A(a, b)), ∂) be the oriented chain complex of the simplicial complex
A(a, b). This chain complex has the standard augmentation ǫ : C0(A(a, b)) → Z.
We write Hn(A(a, b)) for the nth reduced homology of A(a, b), which agrees with
the unreduced homology Hn(A(a, b)) if n 6= 0. In the case that a = b, we put
Hn(A(a, b)) = 0 for all n as a convention. The following description is essentially
due to [7] (Theorem 4.4).
Proposition 2.3. Let (X, d) be a metric space, ℓ a real number, and a, b ∈ X two
points such that d(a, b) = ℓ. For any n ≥ 2, we have an isomorphism of groups
Hℓn(a, b)
∼= Hn−2(A(a, b)).
Proof. If d(a, b) = ℓ = 0, then we readily see Hℓn(a, a) = 0 for n > 0. Hence the
proposition holds true by our conventionHn−2(A(a, b)) = 0. Under the assumption
d(a, b) = ℓ > 0, we have Cℓn(a, b) = 0 for n ≤ 0, and
Cℓ1(a, b) = Z〈a, b〉, C
ℓ
n(a, b) =
⊕
a6=x1 6=···6=xn−1 6=b
ℓ(〈a,x1,··· ,xn−1,b〉)=d(a,b)
Z〈a, x1, · · · , xn−1, b〉
for n ≥ 1. By definition, the group Cp−1(A(a, b)) in the oriented chain complex
of A(a, b) is generated by the oriented (p − 1)-simplices [x1 · · ·xp] in A(a, b). The
augmentation is ǫ([x]) = 1 and the boundary of [x1 · · ·xp] is
∂[x1 · · ·xp] =
p∑
i=1
(−1)i[x1 · · ·xi−1xi+1 · · ·xp].
There are homomorphisms φp which make the following diagram commutative:
Cℓ1(a, b)
∂
←−−−− Cℓ2(a, b)
∂
←−−−− Cℓ3(a, b)
∂
←−−−− · · ·
φ1
y φ2y φ3y
Z
ǫ
←−−−− C0(A(a, b))
∂
←−−−− C1(A(a, b))
∂
←−−−− · · · .
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Actually, if we put φ1(〈a, b〉) = 1 and φp+1(〈a, x1, · · · , xp, b〉) = [x1 · · ·xp], then
∂φp+1 = φp∂. Since each φp is bijective, they together form an isomorphism
between the augmented chain complex C∗(A(a, b)) → Z and the chain complex
Cℓ∗+2(a, b) augmented by ∂ : C
ℓ
2(a, b) → C
ℓ
1(a, b). Consequently, φp induces the
isomorphism of homology groups in the proposition. 
As is pointed out [7], we have the following criterion for the vanishing of the
reduced simplicial homology of A(a, b).
Lemma 2.4. If the vertices in A(a, b) are totally ordered, then Hn(A(a, b)) = 0
for all n ∈ Z.
Proof. Choosing a vertex x ∈ A(a, b), we define a homomorphism
h : Cn(A(a, b))→ Cn+1(A(a, b))
for n ≥ 0 by
h([x0 · · ·xn]) =
{
(−1)i+1[x0 · · ·xixxi+1 · · ·xn], (xi ≺ x ≺ xi+1)
0. (x = x0, · · · , xn)
Then (h∂+∂h)(γ) = −γ for all γ ∈ Cn(A(a, b)) and n ≥ 1. If we also define h : Z→
C0(A(a, b)) by h(1) = −[x], then (hǫ+ ∂h)(γ) = −γ for γ ∈ C0(A(a, b)). Thus, the
homomorphisms h comprise a chain homotopy between the trivial homomorphism
and the identity homomorphism on the augmented chain complex Cn(A(a, b)). This
establishes Hn(A(a, b)) = 0 for all n ∈ Z. 
2.3. Smoothness spectral sequence. We here review the smoothness filtration
of the magnitude complex and its associated spectral sequence [2].
Let (X, d) be a metric space, and ℓ a real number. For a proper n-chain
γ = 〈x0, · · · , xn〉 ∈ P ℓn(X) of length ℓ, a point xi, (i = 0, · · · , n) in the sequence
x0, · · · , xn is said to be smooth if xi−1 < xi < xi+1, and singular otherwise [7]. (In
[6], straight is used for smooth, and crooked for singular.) We write σ(γ) for the
number of smooth points in a proper chain γ. We can then define FpP
ℓ
n(X) ⊂ P
ℓ
n(X)
to be the subset consisting of proper n-chains γ such that σ(γ) ≤ p, and FpCℓn(X)
to be the free abelian group generated on FpP
ℓ
n(X). We can see that the subgroup
FpC
ℓ
n(X) ⊂ C
ℓ
n(X) forms a subcomplex (FpC
ℓ
∗(X), ∂) of (C
ℓ
∗(X), ∂). We thus get
an increasing filtration, called the smoothness filtration of the magnitude chain
complex
· · · ⊂ Fp−1C
ℓ
∗ ⊂ FpC
ℓ
∗ ⊂ Fp+1C
ℓ
∗ ⊂ · · · .
The associated spectral sequence, which we call the smoothness spectral sequence,
converges to a graded quotient of the magnitude homology
Erp,q =⇒ H
ℓ
∗(X).
The E1-term of the spectral sequence E
1
p,q = FpC
ℓ
p+q(X)/Fp−1C
ℓ
p+q(X) is iden-
tified with the free abelian group generated by proper (p + q)-chains of length ℓ
which contain exactly p smooth points. If γ = 〈x0, · · · , xp+q〉 is such a chain, then
the first differential d1 : E1p,q → E
1
p−1,q acts as
d1γ =
∑
i
(−1)i〈x0, · · · , xi−1, xi+1, · · · , xp+q〉,
where i runs over 1, · · · , p+ q − 1 such that xi−1 < xi < xi+1 and
σ(〈x0, · · · , xi−1, xi+1, · · · , xp+q〉) = p− 1.
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Because any proper n-chain γ = 〈x0, · · · , xn〉 ∈ P ℓn(X) with n ≥ 1 contains two
singular points x0 and xn, it is clear that E
1
p,0 = 0 for p ≥ 1.
Using a notion of frame [7], we can introduce a direct sum decomposition of
the E1-term: Given a proper (p + q)-chain γ = 〈x0, · · · , xp+q〉 ∈ P ℓp+q(X) with
σ(γ) = p, the frame of γ is defined as the q-chain
Fr(γ) = 〈x0, xi1 , · · · , xiq−1 , xn〉 ∈ P̂q(X)
given by removing the p smooth points from γ. Notice that Fr(γ) may be an
improper chain and its length may be less than ℓ. For a q-chain ϕ ∈ P̂q(X),
we write P ℓp+q(ϕ) ⊂ P
ℓ
p+q(X) for the subset of proper (p + q)-chains of length ℓ
whose frames are ϕ. We also write Cℓp+q(ϕ) for the free abelian group generated by
γ ∈ P ℓp+q(ϕ). By design, (C
ℓ
∗+q(ϕ), d
1) is a subcomplex of (E1∗,q, d
1), and we have
a direct sum decomposition
E1p,q =
⊕
ϕ∈P̂q(X)
Cℓp+q(ϕ).
Given ϕ = 〈ϕ0, · · · , ϕq〉 ∈ P̂q(X), a chain γ ∈ P ℓp+q(ϕ) is expressed as
γ = 〈ϕ0, x
1
1, . . . , x
1
n1−1, ϕ1, · · · , ϕq−1, x
q
1, . . . , x
q
nq−1
, ϕq〉,
where n1, . . . , nq are non-negative integers such that n1+ · · ·+nq = p+q, the points
xji are smooth, and ϕj are singular. (That nq = 0 means there is no smooth point
between ϕq−1 and ϕq.) Let C
ℓ1,...,ℓq
n1,...,nq (ϕ) be the subgroup in C
ℓ
p+q(ϕ) generated by
such (p+ q)-chains as above. The groups
C
ℓ1,...,ℓq
p+q (ϕ) =
⊕
p+q=n1+···+nq
Cℓ1,...,ℓqn1,...,nq (ϕ)
form a subcomplex C
ℓ1,...,ℓq
∗+q (ϕ) of C
ℓ
∗+q(ϕ), so that we further get the direct sum
decomposition
E1p,q =
⊕
ϕ∈P̂q(X)
Cℓp+q(ϕ) =
⊕
ϕ∈P̂q(X)
⊕
ℓ1,··· ,ℓq
ℓ1+···+ℓq=ℓ
C
ℓ1,...,ℓq
p+q (ϕ).
Note that the spectral sequence preserves the direct sum decomposition of the
magnitude homology Hℓn(X) by the subgroups H
ℓ
n(a, b) with a, b ∈ X . We will
write Erp,q(a, b) for the E
r-term of the spectral sequence computing Hℓn(a, b), which
also provides a direct sum decomposition
Erp,q =
⊕
a,b∈X
Erp,q(a, b).
We now summarize the description of the magnitude homology Hℓn(X) in terms
of the spectral sequence for n = 2, 3. As mentioned above, it suffices to consider
the spectral sequence computing the direct summand Hℓ2(a, b) for a, b ∈ X . Then
Hℓ2(a, b) fits into the short exact sequence
0→ E∞0,2(a, b)→ H
ℓ
2(a, b)→ E
∞
1,1(a, b)→ 0.
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In addition, we have E∞0,2(a, b) = E
3
0,2(a, b) and E
∞
1,1(a, b) = E
2
1,1(a, b). For H
ℓ
3(a, b),
we have two exact sequences
0→ F1H
ℓ
3(a, b)→ H
ℓ
3(a, b)→ E
∞
2,1(a, b)→ 0,
0→ E∞0,3(a, b)→ F1H
ℓ
3(a, b)→ E
∞
1,2(a, b)→ 0,
where F1H
ℓ
3(a, b) = Im[H3(F1C
ℓ
∗(a, b), ∂)→ H
ℓ
3(a, b)].
2.4. Geodesic metric space. In a metric space (X, d), a geodesic joining x ∈ X
to y ∈ X is a map f : [0, δ]→ X such that f(0) = x, f(δ) = y, and
|t′ − t| = d(f(t′), f(t))
for all t, t′ ∈ [0, δ]. From this definition, we have δ = d(x, y), and the map f is
continuous. We say that (X, d) is a geodesic (metric) space if any pair of points
x, y ∈ X admits a geodesic joining x to y. When such a geodesic is always unique,
(X, d) is called uniquely geodesic. More details about geodesic spaces may be found
in [1, 11] for example.
We summarize here elementary properties of geodesic spaces to be used.
Lemma 2.5. Let (X, d) be a geodesic space. Then, for any distinct points x, z ∈ X
and any real number ǫ > 0, there exists y ∈ X such that x < y < z and d(x, y) < ǫ.
Proof. Suppose that two distinct points x, z ∈ X and a real number ǫ > 0 are given.
Let f : [0, d(x, z)] → X be a geodesic joining x to z. For any t ∈ [0, d(x, z)], the
point y = f(t) satisfies
d(x, y) + d(y, z) = |0− t|+ |t− d(x, z)| = d(x, z).
In particular, if t 6= 0, d(x, z), then x < y < z. If we choose t such that 0 < t < ǫ,
then d(x, y) = d(f(0), f(t)) = |0− t| = t < ǫ. 
It should be noticed that the conclusion in the lemma above is used in [2] to
ensure the vanishing of the smoothness spectral sequence E20,q = 0 for q ≥ 2.
As seen in the proof above, if f : [0, d(x, z)]→ X is a geodesic on a metric space
(X, d) joining x to z 6= x, then we have x < f(t) < z for any t ∈ (0, d(x, z)). A
claim converse to this fact can be shown on a geodesic space:
Lemma 2.6. Let (X, d) be a geodesic space. For any three points x, y, z ∈ X such
that x < y < z, there exists a geodesic h : [0, d(x, z)] → X which joins x to z and
passes through y, namely, there is t ∈ (0, d(x, z)) such that h(t) = y.
Proof. We begin with a property of a general metric space: Let x, y, z ∈ X be such
that x < y < z, so that d(x, y) + d(y, z) = d(x, z). If x′ ∈ X and z′ ∈ X satisfy
d(x, x′) + d(x′, y) = d(x, y), d(y, z′) + d(z′, z) = d(y, z),
then we have d(x′, y) + d(y, z′) = d(x′, z′). This follows from
d(x′, z′) = (d(x, x′) + d(x′, z′) + d(z′, z))− (d(x, x′) + d(z′, z))
≥ d(x, z)− d(x, x′)− d(z′, z)
= d(x, y) + d(y, z)− d(x, x′)− d(z′, z) = d(x′, y) + d(y, z′)
and the triangle inequality d(x′, z′) ≤ d(x′, y) + d(y, z′).
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Now, let f : [0, d(x, y)]→ X be a geodesic joining x to y, and g : [0, d(y, z)]→ X
a geodesic joining y to z. We define a map h : [0, d(x, z)]→ X by
h(t) =
{
f(t), (t ∈ [0, d(x, y)])
g(t− d(x, y)). (t ∈ [d(x, y), d(x, z)])
Since h(d(x, y)) = y, the lemma will be completed by showing that h is a geodesic
joining x to z. It is clear that h(0) = f(0) = x and h(d(x, z)) = g(d(y, z)) = z. If
t, t′ ∈ [0, d(x, y)] or t, t′ ∈ [d(x, y), d(x, z)], then |t′ − t| = d(h(t′), h(t)) is also clear.
If t ∈ [0, d(x, y)] and t′ ∈ [d(x, y), d(x, z)], then we have
|t− t′| = |t− d(x, y)| + |−t′ + d(x, y)|
= d(f(t), f(d(x, y))) + d(g(0), g(t′ − d(x, y))) = d(x′, y) + d(y, z′),
where we put x′ = f(t) and z′ = g(t′ − d(x, y)). Notice that
d(x, y) = |0− t|+ |t− d(x, y)| = d(x, x′) + d(x′, y),
d(y, z) = |0− t′ + d(x, y)| + |t′ − d(x, y) − d(y, z)| = d(y, z′) + d(z′, z).
Therefore we get
|t− t′| = d(x′, y) + d(y, z′) = d(x′, z′) = d(h(t), h(t′)),
and h is a geodesic joining x to z. 
3. The second magnitude homology
3.1. The case of general metric space. Let (X, d) be a metric space, ℓ a real
number, and a, b ∈ X two points. As is seen, the direct summand Hℓ2(a, b) of
the magnitude homology Hℓ2(X) is trivial if ℓ < d(a, b), and is identified with
the homology H2(A(a, b)) if ℓ = d(a, b) by Proposition 2.3. Thus, we study the
remaining case ℓ > d(a, b) by using the smoothness spectral sequence Erp,q(a, b).
Proposition 3.1. Let (X, d) be a metric space, ℓ a real number, and Erp,q(a, b)
the smoothness spectral sequence for the direct summand Hℓ∗(a, b) of the magnitude
homology with a, b ∈ X. If ℓ > d(a, b), then E∞1,1(a, b) = 0.
Proof. Recall that E1p,q(a, b) is identified with the free abelian group generated by
the proper (p+ q)-chains γ ∈ P ℓp+q(a, b) such that σ(γ) = p. Thus, we have
E11,1(a, b) =
{ ⊕
a<x<b Z〈a, x, b〉, (d(a, b) = ℓ)
0. (d(a, b) 6= ℓ)
As a result, if d(a, b) 6= ℓ, then E∞1,1(a, b) = 0. 
Next, we study E∞0,2(a, b) = E
3
0,2(a, b). For this aim, we recall:
E10,2(a, b) =
⊕
a6=ϕ6=b,a6<ϕ6<b
ℓ(〈a,ϕ,b〉)=ℓ
Z〈a, ϕ, b〉 =
⊕
ℓ=d(a,ϕ)+d(ϕ,b)>d(a,b)
Z〈a, ϕ, b〉,
E11,2(a, b) =
⊕
a<x<ϕ,x 6<ϕ6<b,ϕ6=b
ℓ(〈a,x,ϕ,b〉)=ℓ
Z〈a, x, ϕ, b〉 ⊕
⊕
a6=ϕ,a6<ϕ6<x,ϕ<x<b
ℓ(〈a,ϕ,x,b〉)=ℓ
Z〈a, ϕ, x, b〉.
We also recall the explicit description of E12,1(a, b)
E12,1(a, b) =
⊕
a<x1<x2<b
ℓ(〈a,x1,x2,b〉)=ℓ
Z〈a, x1, x2, b〉.
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Definition 3.2. Let (X, d) be a metric space, ℓ a real number, and a, b ∈ X two
points. In the case that ℓ > d(a, b), we define a 1-dimensional simplicial complex
Bℓ(a, b) as follows:
(a) A vertex (0-simplex) of Bℓ(a, b) is a point ϕ ∈ X such that:
(i) ℓ = d(a, ϕ) + d(ϕ, b);
(ii) there exists no point x ∈ X such that 〈a, x, ϕ, b〉 ∈ P ℓ3 (〈a, ϕ, b〉) or
〈a, ϕ, x, b〉 ∈ P ℓ3 (〈a, ϕ, b〉); and
(iii) there is no ψ ∈ X such that:
• 〈a, ϕ, ψ, b〉 ∈ P ℓ3 (〈a, b〉) and there exists no x ∈ X such that
〈a, x, ψ, b〉 ∈ P ℓ3 (〈a, ψ, b〉) or 〈a, ψ, x, b〉 ∈ P
ℓ
3 (〈a, ψ, b〉); or
• 〈a, ψ, ϕ, b〉 ∈ P ℓ3 (〈a, b〉) and there exists no x ∈ X such that
〈a, x, ψ, b〉 ∈ P ℓ3 (〈a, ψ, b〉) or 〈a, ψ, x, b〉 ∈ P
ℓ
3 (〈a, ψ, b〉).
(b) An edge (1-simplex) {x, y} of Bℓ(a, b) consists of two vertices ϕ and ψ of
Bℓ(a, b) such that: 〈a, ϕ, ψ, b〉 ∈ P ℓ3 (〈a, b〉); or 〈a, ψ, ϕ, b〉 ∈ P
ℓ
3 (〈a, b〉).
(c) We give each 1-simplex {ϕ, ψ} an orientation by an order ≺ of the vertices:
If a < ϕ < ψ < b, then ϕ ≺ ψ. If a < ψ < ϕ < b, then ψ ≺ ϕ.
We let (C∗(B
ℓ(a, b)), ∂) be the oriented chain complex of the simplicial complex
Bℓ(a, b), and H∗(B
ℓ(a, b)) its homology.
Lemma 3.3. Let (X, d) be a metric space, ℓ a real number, and Erp,q(a, b) the
smoothness spectral sequence for the direct summand Hℓ∗(a, b) of the magnitude
homology with a, b ∈ X. We define ′E12,1(a, b),
′′E12,1(a, b) ⊂ E
1
2,1(a, b) as follows.
• ′E12,1(a, b) ⊂ E
1
2,1(a, b) is the subgroup spanned by 3-chains 〈a, x1, x2, b〉 ∈
P ℓ3 (a, b) which are not 4-cuts (a < x1 < b and a < x2 < b),
• ′′E12,1(a, b) ⊂ E
1
2,1(a, b) is the subgroup spanned by 3-chains 〈a, x1, x2, b〉 ∈
P ℓ3 (a, b) which are 4-cuts (a 6< x1 6< b and a 6< x2 6< b).
Then E12,1(a, b) admits the direct sum decomposition
E12,1(a, b) =
′E12,1(a, b)⊕
′′E12,1(a, b).
Proof. The verification is straightforward. 
Lemma 3.4. Let (X, d) be a metric space, ℓ a real number, and Erp,q(a, b) the
smoothness spectral sequence for the direct summand Hℓ∗(a, b) of the magnitude
homology with a, b ∈ X. Then E∞0,2(a, b) has the expression
E∞0,2(a, b) = E
1
0,2(a, b)/(d
1(E11,2(a, b)) + ∂(
′′E12,1(a, b))),
where d1(E11,2(a, b))+∂(
′′E12,1(a, b)) is the subgroup consisting of the elements which
are expressed as the sums of elements in d1(E11,2(a, b)) and ∂(
′′E12,1(a, b)).
Proof. As mentioned, E∞0,2(a, b) = E
3
0,2(a, b), and we have
E30,2(a, b) = E
2
0,2(a, b)/d
2(E22,1(a, b)) = (E
1
0,2(a, b)/d
1(E11,2(a, b)))/d
2(E22,1(a, b))
E22,1(a, b) = Z
1
2,1(a, b)/d
1(E13,1(a, b)),
where we put Z12,1(a, b) = Ker[d
1 : E12,1(a, b) → E
1
1,1(a, b)]. By definition, if an
element γ¯ ∈ E22,1(a, b) is represented by γ ∈ Z
1
2,1(a, b), then d
2(γ¯) in E20,2(a, b) is
represented by ∂γ ∈ E10,2(a, b). By the general nature of the spectral sequence, if
γ ∈ d1(E13,1(a, b)), then ∂γ ∈ d
1(E11,2(a, b)). This fact allows us to express
E30,2(a, b) = E
1
0,2(a, b)/(d
1(E11,2(a, b)) + ∂(Z
1
2,1(a, b))).
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Applying Lemma 3.3 here, we uniquely decompose γ ∈ Z12,1(a, b) as γ = γ
′ + γ′′,
where γ′ ∈ ′E12,1(a, b) and γ
′′ ∈ ′′E12,1(a, b). Since d
1(′′E12,1(a, b)) = 0 generally,
we get d1γ′ = d1γ = 0. We also have d1γ′ = ∂γ′ generally, so that ∂γ = ∂γ′′.
Consequently, we find ∂(Z12,1(a, b)) = ∂(
′′E12,1(a, b)), and the lemma is proved. 
Proposition 3.5. Let (X, d) be a metric space, ℓ a real number, and a, b ∈ X two
points. If ℓ > d(a, b), then we have an isomorphism of groups
E∞0,2(a, b)
∼= H0(B
ℓ(a, b)).
Proof. Let P = P ℓ2 (a, b) be the set of base elements of E
1
0,2(a, b). We introduce the
following subsets Q,Q′ ⊂ P
Q = {〈a, ϕ, b〉|∄x such that 〈a, x, ϕ, b〉 ∈ P ℓ3 (〈a, ϕ, b〉) or 〈a, ϕ, x, b〉 ∈ P
ℓ
3 (〈a, ϕ, b〉)},
Q′ = {〈a, ϕ, b〉|∃x such that 〈a, x, ϕ, b〉 ∈ P ℓ3 (〈a, ϕ, b〉) or 〈a, ϕ, x, b〉 ∈ P
ℓ
3 (〈a, ϕ, b〉)}.
We also introduce subsets R,R′ ⊂ P
R =
{
〈a, ϕ, b〉
∣∣∣∣ ∄ψ such that: 〈a, ϕ, ψ, b〉 ∈ P ℓ3 (〈a, b〉) and 〈a, ψ, b〉 ∈ Q′; or〈a, ψ, ϕ, b〉 ∈ P ℓ3 (〈a, b〉) and 〈a, ψ, b〉 ∈ Q′
}
,
R′ =
{
〈a, ϕ, b〉
∣∣∣∣ ∃ψ such that: 〈a, ϕ, ψ, b〉 ∈ P ℓ3 (〈a, b〉) and 〈a, ψ, b〉 ∈ Q′; or〈a, ψ, ϕ, b〉 ∈ P ℓ3 (〈a, b〉) and 〈a, ψ, b〉 ∈ Q′
}
.
We have P = Q ⊔ Q′ = R ⊔ R′. By definition, E10,2(a, b) = ZP . It is easy to see
d1(E11,2(a, b)) = ZQ
′, so that
E20,2(a, b) = ZP/ZQ
′ = (ZQ⊕ ZQ′)/ZQ′ ∼= ZQ.
Let S˜ ⊂ ZP be the subset
S˜ = {〈a, ϕ, b〉 − 〈a, ψ, b〉| 〈a, ϕ, ψ, b〉 ∈ P ℓ3 (〈a, b〉) or 〈a, ψ, ϕ, b〉 ∈ P
ℓ
3 (〈a, b〉)}.
This subset is the disjoint union of S,S ′,S ′′ ⊂ S˜ give by
S = {〈a, ϕ, b〉 − 〈a, ψ, b〉 ∈ S˜| 〈a, ϕ, b〉, 〈a, ψ, b〉 ∈ Q},
S ′ = {〈a, ϕ, b〉 − 〈a, ψ, b〉 ∈ S˜| 〈a, ϕ, b〉, 〈a, ψ, b〉 ∈ Q′},
S ′′ =
{
〈a, ϕ, b〉 − 〈a, ψ, b〉 ∈ S˜
∣∣∣∣ 〈a, ϕ, b〉 ∈ Q and 〈a, ψ, b〉 ∈ Q′; or〈a, ϕ, b〉 ∈ Q′ and 〈a, ψ, b〉 ∈ Q
}
.
Note that ∂(′′E12,1(a, b)) = ZS˜ = ZS ⊕ ZS
′ ⊕ ZS ′′. Note also ZS ⊂ ZQ and
ZS ′ ⊂ ZQ′. Now, we compute E∞0,2(a, b) along Lemma 3.4 to get
E∞0,2(a, b) = ZP/(ZQ
′ + ZS ⊕ ZS ′ ⊕ ZS ′′) = ZQ/(ZS + Z(Q∩R′)).
Since Q = (Q ∩R) ⊔ (Q ∩R′), we find E∞0,2(a, b) = Z(Q ∩R)/ZS
′′′, where S ′′′ is
the following subset of S
S ′′′ = {〈a, ϕ, b〉 − 〈a, ψ, b〉 ∈ S˜| 〈a, ϕ, b〉, 〈a, ψ, b〉 ∈ Q ∩R}.
Recalling Definition 3.2, we can identify Z(Q ∩ R) with the free abelian group
C0(B
ℓ(a, b)) generated by the vertices in Bℓ(a, b), and ZS ′′′ with the image of the
boundary map ∂(C1(B
ℓ(a, b))), and hence E∞0,2(a, b) with H0(B
ℓ(a, b)). 
We summarize the results so far to get a general description of the direct sum-
mand of the second magnitude homology.
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Theorem 3.6. Let (X, d) be a metric space, ℓ a real number, and a, b ∈ X two
points. Then, by using the homology groups of the simplicial complexes A(a, b)
and Bℓ(a, b), we can express the direct summand Hℓ2(a, b) of the second magnitude
homology Hℓ2(X) as follows
Hℓ2(a, b)
∼=

0, (ℓ < d(a, b))
H0(A(a, b)), (ℓ = d(a, b))
H0(B
ℓ(a, b)). (ℓ > d(a, b))
Proof. As is seen already, Hℓ2(a, b) = 0 for ℓ < d(a, b), and H
ℓ
2(a, b)
∼= H0(a, b) for
ℓ = d(a, b) by Proposition 2.3. Thus, we assume ℓ > d(a, b). Recall then the short
exact sequence
0→ E∞0,2(a, b)→ H
ℓ
2(a, b)→ E
∞
1,1(a, b)→ 0.
By Proposition 3.1, we have E∞1,1(a, b) = 0. Hence the theorem follows from the
isomorphism E∞0,2(a, b)
∼= H0(Bℓ(a, b)) in Proposition 3.5. 
Corollary 3.7. For any metric space (X, d) and any real number ℓ, the second
magnitude homology group Hℓ2(X) is torsion free.
Corollary 3.8. Let (X, d) be a metric space, and ℓ a positive number. Suppose that
for any distinct points x, z ∈ X and any positive number ǫ there exists y ∈ X such
that x < y < z and d(x, y) < ǫ. Then, for any a, b ∈ X, we have an isomorphism
Hℓ2(a, b)
∼=
{
H0(A(a, b)), (ℓ = d(a, b))
0. (ℓ 6= d(a, b))
Proof. As shown in [2], the assumption in the corollary implies E∞0,2 = 0. 
By Lemma 2.5, the assumption in Corollary 3.8 is satisfied in the case that (X, d)
is a geodesic metric space.
Remark 3.9. In [9] (Theorem 7.22), some sufficient conditions for the vanishing of
Hℓ2(X) are given. Concretely, if a metric space X is geodetic and either:
(a) X is Menger convex and has no 4-cuts; or
(b) X is geodesic,
then Hℓ2(X) = 0 for any ℓ. In the context of the present paper, this result can
be seen as follows: In general, the geodeticy of X and the absence of 4-cuts imply
E∞1,1 = 0. Then, each of (a) and (b) implies E
∞
0,2 = 0. In the case of (a), the proof
in [9] is actually showing E∞0,2 = 0. In the case of (b), the assumption in Corollary
3.8 is satisfied, and E∞0,2 = 0.
Remark 3.10. In [9] (Theorem 7.25), a description of Hℓ2(X) in terms of a free
abelian group is given, under the assumption that X is geodetic and has no 4-cuts.
This result can also be seen in the context of the present paper as follows: As is
remarked, the geodeticy and the absence of 4-cuts imply E∞1,1 = 0. The absence of
4-cuts then implies the E2-degeneracy of the spectral sequence [2] (Theorem 3.9).
The absence of 4-cuts also simplifies Bℓ(a, b), and we get
Hℓ2(X) = E
2
0,2 =
⊕
a,b∈X
C0(B
ℓ(a, b)),
which reproduces the description in [9].
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3.2. The case of geodesic metric space. Let (X, d) be a geodesic metric space, ℓ
a real number, and Hℓ2(a, b) the direct summand of the second magnitude homology
Hℓ2(X) for a, b ∈ X . Then, by Lemma 2.5 and Corollary 3.8, the group H
ℓ
2(a, b)
can be non-trivial only when ℓ = d(a, b), and is identified with, in this case, the
reduced homology H0(A(a, b)) of the simplicial complex A(a, b). We here interpret
H0(A(a, b)) by means of certain equivalence classes of geodesics.
For this aim, we apply a description of the zeroth homology of a simplicial
complex (see [12]): In general, a simplicial complex induces a groupoid, i.e. a
category whose morphisms are all invertible. In the groupoid induced from A(a, b),
an object is a 0-simplex. For each object x, there is the identity morphism. For
distinct objects x and y, there is a unique isomorphism if they belong to a 1-simplex
of A(a, b). Now the zeroth unreduced homology group of A(a, b) is isomorphic to
the free abelian group generated on the set π0(A(a, b)) of isomorphism classes in
the groupoid induced from the simplicial complex A(a, b)
H0(A(a, b)) ∼= Z[π0(A(a, b))] =
⊕
[x]∈π0(A(a,b))
Z[x].
We have a surjective homomorphism ǫ : Z[π0(A(a, b))] → Z given by ǫ([x]) = 1 for
each isomorphism class [x] in the groupoid. Then its kernel is isomorphic to the
zeroth reduced homology of A(a, b)
H0(A(a, b)) ∼= Ker[ǫ : Z[π0(A(a, b))]→ Z].
Definition 3.11. Let (X, d) be a metric space.
• For a, b ∈ X , we let Geod(a, b) be the set of geodesics joining a to b.
• We introduce a relation ∼ to Geod(a, b) as follows: Let f : [0, d(a, b)]→ X
and g : [0, d(a, b)] → X be geodesics joining a to b. Then f ∼ g if and
only if they intersect at a point other than a or b. Concretely, there exists
t ∈ (0, d(a, b)) such that f(t) = g(t). This is equivalent to
f((0, d(a, b))) ∩ g((0, d(a, b))) 6= ∅.
• We define ≈ to be the equivalence relation generated by ∼.
• We write π0(Geod(a, b)) = Geod(a, b)/≈ for the set of equivalence classes.
We can introduce a groupoid such that the set of its isomorphism classes is
exactly Geod(a, b)/≈. The detailed formulation is left to interested readers.
Lemma 3.12. Let (X, d) be a geodesic space. For distinct points a, b ∈ X, there is
a well-defined map
Φ : π0(A(a, b))→ π0(Geod(a, b)).
Proof. We construct Φ as follows: Let x be an object in the groupoid induced
from the simplicial complex A(a, b). This means that x is a 0-simplex in A(a, b),
namely, a point x ∈ X such that a < x < b. By Lemma 2.6, there is a geodesic
fx : [0, d(a, b)]→ X joining a to b and passing through x. We then put Φ([x]) = [fx].
This Φ is well-defined. To see this, let y be another object in the groupoid,
namely, a point y ∈ X such that a < y < b. We suppose that x and y are
isomorphic in the groupoid. This means that there is a finite number of 0-simplices
x0 = x, x1, . . . , xn−1, xn = y such that {x0, x1}, . . . , {xn−1, xn} are 1-simplices in
A(a, b). By definition, if {xi, xi+1} is a 1-simplex in A(a, b), then a < xi < xi+1 < b
or a < xi+1 < xi < b holds true. By a simple generalization of the proof of Lemma
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2.6, we can construct a geodesic gi : [0, d(a, b)] → X joining a to b and passing
through xi and xi+1. Thus, in the (equivalence) relation of Geod(a, b), we have
fx ∼ g0 ∼ · · · ∼ gn−1 ∼ fy. This proves that Φ is well-defined. 
Lemma 3.13. Let (X, d) be a geodesic space. For distinct points a, b ∈ X, there is
a well-defined map
Ψ : π0(Geod(a, b))→ π0(A(a, b)).
Proof. The construction of Ψ is as follows: Let f : [0, d(a, b)] → X be a geodesic
joining a to b. If we choose t ∈ (0, d(a, b)), then a 6= f(t) 6= b and
d(a, b) = |0− t|+ |t− d(a, b)| = d(a, f(t)) + d(f(t), b).
That is, a < f(t) < b. Now, we put Ψ([f ]) = [f(t)].
To prove that this Ψ is well-defined, let t′ ∈ (0, d(a, b)) be another choice. With-
out loss of generality, we can assume t < t′. Then we see
d(a, f(t′)) = |0− t|+ |t− t′| = d(a, f(t)) + d(f(t), f(t′)),
d(f(t), b) = |t− d(a, b)| = |t− t′|+ |t′ − d(a, b)| = d(f(t), f(t′)) + d(f(t′), b).
It follows that a < f(t) < f(t′) < b, so that f(t) and f(t′) are isomorphic as objects
in the groupoid induced from A(a, b). To complete the proof, let g : [0, d(a, b)]→ X
be another geodesic joining a to b such that f ∼ g. This means that f(t0) = g(t0)
for some t0 ∈ (0, d(a, b)). Therefore Ψ([f ]) = [f(t0)] = [g(t0)] = Ψ([g]), and the
map Ψ is well-defined. 
Theorem 3.14. Let (X, d) be a geodesic space. For distinct points a, b ∈ X, there
is a bijection
π0(A(a, b)) ∼= π0(Geod(a, b)).
Consequently, there is an isomorphism of groups
H0(A(a, b)) ∼= Z[π0(Geod(a, b))].
Proof. The map Φ in Lemma 3.12 and Ψ in Lemma 3.13 are inverse to each other.
The remaining claim follows from H0(A(a, b)) ∼= Z[π0(A(a, b))]. 
Under the bijection in the theorem, the natural augmentation ǫ : H0(A(a, b))→
Z corresponds to the homomorphism ǫ : Z[π0(Geod(a, b))] → Z that carries the
equivalence class [f ] of each geodesic f ∈ Geod(a, b) to ǫ([f ]) = 1. Using this
induced augmentation, we can finally describe the direct summandHℓ2(a, b) in terms
of geodesics.
Corollary 3.15. Let (X, d) be a geodesic space, and ℓ a real number. For a, b ∈ X,
we can describe the direct summand Hℓ2(a, b) of the second magnitude homology as
follows
Hℓ2(a, b)
∼=
{
Ker[ǫ : Z[π0(Geod(a, b))]→ Z], (d(a, b) = ℓ)
0. (d(a, b) 6= ℓ)
If we choose a geodesic f ∈ Geod(a, b) as a reference, then we can express
H
d(a,b)
2 (a, b)
∼=
⊕
[f ] 6=[f]
Γ([f ], [f ]),
where [f ] ∈ π0(Geod(a, b)) runs over geodesic classes such that [f ] 6= [f ], and
Γ([f ], [f ]) = [f ]− [f ] ∈ Z[π0(Geod(a, b))]. In the magnitude homology, Γ([f ], [f ]) is
represented by 〈a, f(t), b〉 − 〈a, f(t), b〉 ∈ C
d(a,b)
2 (a, b), where t ∈ (0, d(a, b)).
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4. The third magnitude homology
4.1. The case of geodesic metric space. On a geodesic space (X, d), the direct
summand Hℓ2(a, b) of the second magnitude homology can be non-trivial only when
ℓ = d(a, b), and this case admits a description by using A(a, b) as given in Propo-
sition 2.3. The purpose of this subsection is to generalize this result to the direct
summand Hℓ3(a, b) of the third magnitude homology.
Lemma 4.1. Let (X, d) be a geodesic space. If we are given points a, x, y, b ∈ X
such that a < x < y < b, a 6< y 6< b and a 6< x 6< b (namely 〈a, x, y, b〉 is a 4-cut),
then there exists z ∈ X such that x < y < z < b and a 6< y 6< z.
Proof. Since x < y < b, we have by Lemma 2.6 a geodesic f : [0, d(x, b)] → X
joining x to b and passing through y. We then consider a continuous function
F (t) = d(a, y) + d(y, f(t))− d(a, f(t))
defined on d(x, y) ≤ t ≤ d(x, b). We have F (d(x, b)) > 0 because a 6< y 6< b. Thus,
there is t0 near d(x, b) at which F (t0) > 0. Put differently, there is z = f(t0) such
that a 6< y 6< z. Since z is on the geodesic f , it holds that x < y < z < b. 
Lemma 4.2. Let (X, d) be a metric space. If we have
• a, x, y, b ∈ X such that a < x < y < b; and
• z ∈ X such that x < y < z < b and a 6< y 6< z,
then a 6< x 6< z and x < z < b.
Proof. From x < y < z, a < x < y and a 6< y 6< z, we get
d(a, x) + d(x, z)− d(a, z) = d(a, x) + d(x, y) + d(y, z)− d(a, z)
= d(a, y) + d(y, z)− d(a, z) > 0,
namely, a 6< x 6< z. From x < y < z < b and x < y < b, we have
d(x, z) + d(z, b) = d(x, y) + d(y, z) + d(z, b) = d(x, y) + d(y, b) = d(x, b),
so that x < z < b. 
Proposition 4.3. Let (X, d) be a geodesic space, ℓ a real number, and Erp,q(a, b)
the smoothness spectral sequence for the direct summand Hℓ∗(a, b) of the magnitude
homology with a, b ∈ X. If ℓ > d(a, b), then E22,1(a, b) = 0.
Proof. If ℓ > d(a, b), then E11,1(a, b) = 0. We have the expression
E12,1(a, b) =
⊕
a<x<y<b
ℓ(〈a,x,y,b〉)=ℓ
Z〈a, x, y, b〉.
Hence E22,1(a, b) = E
1
2,1(a, b)/d
1(E13,1(a, b)). Let 〈a, x, y, b〉 be a base element of
E12,1(a, b). From ℓ > d(a, b), it follows that a < x < y < b, a 6< y 6< b and a 6< x 6< b,
namely 〈a, x, y, b〉 is a 4-cut. Thus, we have a point z ∈ X such as in Lemma 4.1.
From x < y < z < b, we get a chain 〈a, x, y, z, b〉 ∈ E13,1(a, b). We have a 6< y 6< z
and y < z < b. Hence the chain 〈a, y, z, b〉 does not belong to E12,1(a, b). By Lemma
4.2, we have a 6< x 6< z and x < z < b. Thus 〈a, x, z, b〉 does not belong to E12,1(a, b).
As a result, we get
d1〈a, x, y, z, b〉 = −〈a, x, y, b〉.
This implies E12,1(a, b) = d
1(E13,1(a, b)) and E
2
2,1(a, b) = 0. 
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Lemma 4.4. Let (X, d) be a geodesic space. Suppose that we have
• a, ϕ, b ∈ X such that a 6= ϕ 6= b and a 6< ϕ 6< b,
• xi ∈ X such that a < xi < ϕ and xi 6< ϕ 6< b for i = 1, · · · ,m,
• yj ∈ X such that a 6< ϕ 6< yj and ϕ < yj < b for j = 1, · · · , n,
Then there exist x, y ∈ X such that
a < x < ϕ, x 6< ϕ 6< b, x 6< ϕ 6< yj, (j = 1, · · · , n)
a 6< ϕ 6< y, ϕ < y < b, xi 6< ϕ 6< y, (i = 1, · · · ,m)
x 6< ϕ 6< y.
Proof. We define continuous functions in x, y ∈ X as follows:
Fj(x) =
{
d(x, ϕ) + d(ϕ, b)− d(x, b), (j = 0)
d(x, ϕ) + d(ϕ, yj)− d(x, yj), (j = 1, · · · , n)
Gi(x) =
{
d(a, ϕ) + d(ϕ, y)− d(a, y), (i = 0)
d(xi, ϕ) + d(ϕ, y)− d(xi, y), (i = 1, · · · ,m)
H(x, y) = d(x, ϕ) + d(ϕ, y)− d(x, y).
Since a 6< ϕ 6< b and a 6< ϕ 6< yj, we have Fj(a) > 0. Similarly a 6< ϕ 6< b and
xi 6< ϕ 6< b imply Gi(b) > 0. From a 6< ϕ 6< b, it also follows that H(a, b) > 0. As
the product of these functions, we define a continuous function
I(x, y) =
( n∏
j=0
Fj(x)
)( m∏
i=0
Gi(x)
)
H(x, y).
Now, let f : [0, d(a, ϕ)]→ X be a geodesic joining a to ϕ, and g : [0, d(b, ϕ)]→ X a
geodesic joining b to ϕ. The composite function I(f(t), g(u)) is continuous in t and
u, and I(0, 0) > 0. Hence there are t0 ∈ (0, d(a, ϕ)) and u0 ∈ (0, d(b, ϕ)) such that
I(f(t0), g(u0)) > 0. Now, x = f(t0) and y = g(t0) have the required properties. 
Proposition 4.5. Let (X, d) be a geodesic space, ℓ a real number, and Erp,q(a, b)
the smoothness spectral sequence for the direct summand Hℓ∗(a, b) of the magnitude
homology with a, b ∈ X. Then E21,2(a, b) = 0.
Proof. We apply the direct sum decomposition of the chain complex
E1p,2(a, b) =
⊕
〈a,ϕ,b〉∈P̂q
Cℓp+2(〈a, ϕ, b〉),
where Cℓp+2(〈a, ϕ, b〉) is the free abelian group generated by (p+ 2)-chains
〈a, x1, · · · , xm, ϕ, y1, · · · , yn, b〉 ∈ P
ℓ
p+2(〈a, ϕ, b〉)
of length ℓ in which x1, · · · , xm and y1, · · · , yn are smooth, whereas a, ϕ, b are
singular. (m and n satisfy m + n = p.) If a = ϕ or ϕ = b, then Cℓ3(〈a, ϕ, b〉) = 0.
Actually, Cℓ3(〈a, ϕ, b〉) is generated by proper 3-chains of the forms
〈a, x, ϕ, b〉, 〈a, ϕ, b, y〉,
in which x and y are smooth. If a = ϕ = b, then there are no proper chains of
the above forms. If a = ϕ 6= b, then Cℓ3(〈a, ϕ, b〉) is generated by proper chains of
the form 〈a, x, ϕ, b〉 in which x is smooth. However, x cannot be smooth, because
a = ϕ. The same argument applies to the case that a 6= ϕ = b, and we find
Cℓ3(〈a, ϕ, b〉) = 0 whenever a = ϕ or ϕ = b.
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Henceforth we assume a 6= ϕ 6= b. Under this assumption, if d(a, ϕ) + d(ϕ, b) =
d(a, b), then Cℓ3(〈a, ϕ, b〉) = 0. This is because there are no proper 3-chains of the
forms 〈a, x, ϕ, b〉 or 〈a, ϕ, y, b〉 in which x, y are smooth but ϕ is singular. Hence
we also assume d(a, ϕ) + d(ϕ, b) > d(a, b). Under these two assumptions, if ℓ 6=
d(a, ϕ) + d(ϕ, b), then Cℓ3(〈a, ϕ, b〉) = 0. To summarize, we assume that a 6= ϕ 6= b
and ℓ = d(a, ϕ) + d(ϕ, b) > d(a, b) in the following. In this case, we can describe
Cℓp+2(〈a, ϕ, b〉) for p = 0, 1 as follows:
Cℓ2(〈a, ϕ, b〉) = Z〈a, ϕ, b〉,
Cℓ3(〈a, ϕ, b〉) =
⊕
a<x<ϕ
x 6<ϕ 6<b
Z〈a, x, ϕ, b〉 ⊕
⊕
a6<ϕ6<y
ϕ<y<b
Z〈a, ϕ, y, b〉.
Now, given an element ζ ∈ Cℓ3(〈a, ϕ, b〉), we can express it as follows
ζ =
m∑
i=1
ki〈a, xi, ϕ, b〉+
n∑
j=1
ℓj〈a, ϕ, yj , b〉,
where xi and yj are smooth. The thing we will prove is that the chains in ζ are
homologous to each other. Once this is proved, the cycle condition d1ζ = 0 will
imply that ζ is a boundary, so that Hℓ3(〈a, ϕ, b〉) = 0 and E
2
1,2(a, b) = 0. Applying
Lemma 4.4 to the points a, ϕ, b, xi and yj in the chains constituting ζ, we have x
and y. From the properties of x and y, we have the following chains
〈a, xi, ϕ, y, b〉, 〈a, x, ϕ, yj, b〉, 〈a, x, ϕ, y, b〉 ∈ C
ℓ
4(〈a, ϕ, b〉).
Their boundaries are
d1〈a, xi, ϕ, y, b〉 = −〈a, ϕ, y, b〉 − 〈a, xi, ϕ, b〉,
d1〈a, x, ϕ, yj, b〉 = −〈a, ϕ, yj, b〉 − 〈a, x, ϕ, b〉,
d1〈a, x, ϕ, y, b〉 = −〈a, ϕ, y, b〉 − 〈a, x, ϕ, b〉.
Hence all the chains in ζ are homologous to 〈a, ϕ, y, b〉. 
Based on the vanishing results so far, we get the following description of the
third magnitude homology of a geodesic space.
Theorem 4.6. Let (X, d) be a geodesic space, and ℓ a real number. For any
a, b ∈ X, there is an isomorphism
Hℓ3(a, b)
∼=
{
H1(A(a, b)), (ℓ = d(a, b))
0. (ℓ 6= d(a, b))
Proof. It is clear that Hℓ3(a, b) = 0 for ℓ < d(a, b). The case of ℓ = d(a, b) is already
seen in Proposition 2.3. Therefore we investigate the case of ℓ > d(a, b) by using
the smoothness spectral sequence. Notice that E1p,0(a, b) = 0 for all p and ℓ > 0
by construction. Notice also that E20,q(a, b) = 0 for q ≥ 2 by a vanishing result
in [2] and Lemma 2.5. Thus, by E20,3(a, b) = 0 together with E
2
1,2(a, b) = 0 from
Proposition 4.5, we get Hℓ3(a, b)
∼= E∞2,1(a, b). This is trivial, because E
2
2,1(a, b) = 0
if ℓ > d(a, b) as established in Proposition 4.3. 
Corollary 4.7. Let (X, d) be a geodesic space, and a, b ∈ X distinct points. If
there is only one geodesic joining a to b, then Hℓ3(a, b) = 0 for any ℓ.
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Proof. It suffices to show H1(A(a, b)) = H1(A(a, b)) = 0 under the assumption
ℓ = d(a, b). By the hypothesis and a simple generalization of Lemma 2.6, all the
vertices of any (p − 1)-simplex {x1, · · · , xp} in A(a, b) lie on the unique geodesic
f joining a to b. This fact implies that the vertices in A(a, b) are totally ordered.
Then we can apply Lemma 2.4. 
To have a generalization of the above corollary, we introduce an assumption,
which concerns with a certain non-branching property of a geodesic space.
Assumption 4.8. Let (X, d) be a geodesic space. We assume that, for any a, b ∈
X, if two geodesics f and g joining a to b share a point other than a or b (namely,
there exists t ∈ (0, d(a, b)) such that f(t) = g(t)), then f = g.
Note that the assumption is equivalent to that, for any a, b ∈ X , each equiv-
alence class in π0(Geod(a, b)) is represented by a unique geodesic, and hence we
get π0(Geod(a, b)) = Geod(a, b). Note also that any connected and complete Rie-
mannian manifold, which is a geodesic space [1, 11], fulfils the assumption. This is
because a geodesic in this case is locally characterized by an ordinary differential
equation, so the uniqueness in the assumption follows from that of a solution to the
ordinary differential equation.
Corollary 4.9. Let (X, d) be a geodesic space, and a, b ∈ X distinct points. If
Assumption 4.8 is satisfied, then Hℓ3(a, b) = 0 for any ℓ.
This vanishing result will be generalized in §5. But, it would be instructive to
give a proof in this particular case, since it contains a prototypical argument.
Proof. Again, it suffices to show H1(A(a, b)) = 0 under ℓ = d(a, b). In general,
the homology group Hn(A(a, b)) admits a direct sum decomposition by means of
the “path connected component”. To be precise, notice that all the vertices of a
(p− 1)-simplex {x1, · · · , xp} in A(a, b) lie on a geodesic f joining a to b. This is a
consequence of a simple generalization of Lemma 2.6. Generally, such a geodesic f
is not unique, but its equivalence class [f ] ∈ π0(Geod(a, b)) is uniquely determined
by the simplex. Thus, in this case, we say that the geodesic class of the simplex
is [f ]. Let A(a, b; ξ) ⊂ A(a, b) be the subcomplex consisting of simplices whose
geodesic classes are ξ ∈ π0(A(a, b)) ∼= π0(Geod(a, b)). Then the simplicial complex
A(a, b) is expressed as the disjoint union
A(a, b) =
⊔
ξ∈π0(A(a,b))
A(a, b; ξ),
which leads to the direct sum decomposition of the homology group
Hn(A(a, b)) =
⊕
ξ∈π0(Geod(a,b))
Hn(A(a, b; ξ)).
Now, by the hypothesis of the corollary, each equivalence class ξ ∈ π0(Geod(a, b))
is represented by a unique geodesic f . This means that all the vertices in A(a, b; ξ)
lie on f . Now, we can apply the argument in the proof of Corollary 4.7 to showing
Hn(A(a, b; ξ)) = 0 for n ≥ 1. 
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4.2. An invariant of the third magnitude homology. Let (X, d) be a metric
space, and a, b ∈ X two points. If ℓ = d(a, b), then Hℓ3(a, b) is isomorphic to the first
homology group of the simplicial complex A(a, b) by Proposition 2.3. In general,
a first homology class of a simplicial complex can be represented by a closed edge
path [12]. In the present setup, each edge of an edge path representing an element
in Hℓ3(a, b) corresponds to a 3-chain 〈a, x, y, b〉. Here, if X is a geodesic space,
then there is a geodesic joining x to y. Then, an edge path can be thought of as a
geometric path inX consisting of segments which lie on geodesics joining a to b. The
idea to formulate our invariant of third magnitude homology classes is to consider
the intersection number of the geometric (edge) path and a geodesic joining a to b.
Notice, however, that this naive idea seems not to work when geodesics joining x
and y are not unique. This is the reason that we put an assumption.
Assumption 4.10. Let (X, d) be a metric space, a, b ∈ X two points, and ℓ =
d(a, b) > 0. We assume that there is a geodesic f : [0, d(a, b)] → X joining a to b.
We also assume that, for any x, y ∈ X such that a < x < y < b, there is a unique
geodesic g : [0, d(x, y)]→ X joining x to y.
Definition 4.11. Under Assumption 4.10, we say that a 3-chain 〈a, x, y, b〉 ∈
Cℓ3(a, b) is regular with respect to f or f -regular if the unique geodesic g joining
x to y satisfies either of the following:
(i) The geodesic g intersects with f only at y. That is, g([0, d(x, y)))∩Imf = ∅
and y = g(d(x, y)) ∈ Imf .
(ii) The geodesic g intersects with f only at x. That is, g((0, d(x, y)])∩Imf = ∅
and x = g(0) ∈ Imf .
(iii) The geodesic g lies on f . That is Img ⊂ Imf .
(iv) The geodesic g does not intersect f . That is Img ∩ Imf = ∅.
Lemma 4.12. Under Assumption 4.10, let γ = 〈a, x, y, b〉 ∈ Cℓ3(a, b) be a 3-chain.
Then there exists an element β ∈ Cℓ4(a, b) such that
γ − ∂β =
n∑
i=0
〈a, xi, xi+1, b〉 ∈ C
ℓ
3(a, b)
where x0 = x, xn+1 = y, and 〈a, xi, xi+1, b〉 are f -regular for i = 0, · · · , n.
Proof. We begin with a general property of 3-chains: Let γ = 〈a, x, y, b〉 be a 3-
chain of length ℓ = d(a, b), and g : [0, d(x, y)] → X the unique geodesic joining x
to y. For any positive integer n, let t1, · · · , tn ∈ (0, d(x, y)) be such that 0 < t1 <
· · · < tn < d(x, y). To suppress notations, put x0 = x, xn+1 = y, and xi = g(ti) for
i = 1, · · · , n. Then 〈a, xi, xi+1, xn, b〉 ∈ Cℓ4(a, b) for i = 0, . . . , n, and
〈a, x0, xn+1, b〉 =
n∑
i=0
〈a, xi, xi+1, b〉+
n−1∑
i=0
∂〈a, xi, xi+1, xn+1, b〉.
Now, we can choose ti so that 〈a, xi, xi+1, b〉 are f -regular: If Imf ∩ Img = ∅,
then we have nothing to do (This is the case (iv) in Definition 4.11). Otherwise,
the inverse image of the compact set Imf under g is non-empty, and is a disjoint
union of a finite number of closed intervals [ui, vi], where 0 ≤ u1 ≤ v1 < u2 ≤ v2 <
· · · < um ≤ vm ≤ d(x, y). Note that it can happen ui = vi. Taking such a case
into account, we rename ui and vi to have a sequence 0 < t1 < · · · < tn < d(x, y).
Now, applying the general property of 3-chains, we get β ∈ Cℓ4(a, b) such that
22 KIYONORI GOMI
γ−∂β ∈ Cℓ3(a, b) is a linear combination of 3-chains 〈a, xi, xi+1, b〉 with the property
(i), (ii) or (iii) in Definition 4.11. 
Definition 4.13. Under Assumption 4.10, we make the following definitions.
(a) For an f -regular 3-chain 〈a, x, y, b〉 ∈ Cℓ3(a, b), we put
νf (〈a, x, y, b〉) =
{
1, (the case of Definition 4.11 (i))
0. (otherwise)
If γ =
∑
i kiγi ∈ C
ℓ
3(a, b) is a linear combination of f -regular chains γi,
then we put νf (γ) =
∑
i kiνf (γi).
(b) We define a homomorphism νf : C
ℓ
3(a, b)/∂(C
ℓ
4(a, b)) → Z as follows: Let
γ = 〈a, x, y, b〉 ∈ Cℓ3(a, b) be a chain. Modulo a boundary, the 3-chain γ
agrees with a linear combination
η =
n∑
i=0
〈a, xi, xi+1, b〉 ∈ C
ℓ
3(a, b)
of f -regular 3-chains 〈a, xi, xi+1, b〉 by Lemma 4.12. We then put
νf ([γ]) = νf (η) =
n∑
i=0
νf (〈a, xi, xi+1, b〉).
Extending this definition linearly, we define the homomorphism νf .
Theorem 4.14. Definition 4.13 (b) is well-defined.
Proof. First, we need to check that, for γ = 〈a, x, y, b〉 ∈ Cℓ3(a, b), the number
νf ([γ]) is independent of the choice of a linear combination of f -regular 3-chains
η =
n∑
i=0
〈a, xi, xi+1, b〉
which agrees with γ modulo a boundary. Suppose that we have another choice
η′ =
n′∑
i=0
〈a, x′i, x
′
i+1, b〉.
By the assumption, xi and x
′
i lie on the unique geodesic joining x = x0 = x
′
0 to
y = xn = x
′
n′ . Thus, reordering them, we get a sequence of points x
′′
i such that
a < x = x′′0 < x
′′
1 < · · · < x
′′
n′′ < x
′′
n′′+1 = y < b. It should be noticed that
〈a, x′′i , x
′′
i+1, b〉 are f -regular. The thing we show here is νf (η) = νf (η
′′) = νf (η
′),
where
η′′ =
n′′∑
i=0
〈a, x′′i , x
′′
i+1, b, 〉.
This will be established by proving that νf (η) = νf (ζ), where ζ ∈ C
ℓ
3(a, b) is a
linear combination of f -regular chains of the form
ζ =
m−1∑
i=0
〈a, xi, xi+1, b〉+ 〈a, xm, z, b〉+ 〈a, z, xm+1, b〉+
n∑
i=m+1
〈a, xi, xi+1, b〉.
The difference of η and ζ is
ζ − η = 〈a, xm, z, b〉+ 〈a, z, xm+1, b〉 − 〈a, xm, xm+1, b〉.
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By the assumption, xm, z and xm+1 lie on the unique geodesic joining xm to xm+1.
Also, the 3-chains in ζ− η are assumed f -regular. Then either of the following four
cases occurs:
• xm, z, xm+1 6∈ Imf . Then νf (ζ − η) = 0 + 0− 0 = 0.
• xm, z 6∈ Imf and xm+1 ∈ Imf . Then νf (ζ − η) = 0 + 1− 1 = 0.
• xm ∈ Imf and z, xm+1 6∈ Imf . Then νf (ζ − η) = 0 + 0− 0.
• xm, z, xm+1 ∈ Imf . Then νf (ζ − η) = 0 + 0− 0.
Consequently, νf ([γ]) is independent of the choice of a linear combination of f -
regular chains which agrees with γ modulo a boundary.
Next, we prove that νf ([γ]) = 0 if γ = ∂β for some β ∈ Cℓ4(a, b). It suffices to
consider the case that β = 〈a, x, y, z, b〉, whose boundary is
∂β = 〈a, x, z, b〉 − (〈a, x, y, b〉+ 〈a, y, z, b〉).
By the assumption, x, y and z lie on the unique geodesic joining x to z. Now,
we choose a linear combination η of f -regular chains which agrees with 〈a, x, y, b〉
modulo a boundary. We also choose a linear combination η′ of f -regular chains
which agrees with 〈a, y, z, b〉modulo a boundary. Then η+η′ is a linear combination
of f -regular chains which agrees with 〈a, x, z, b〉 modulo a boundary. Therefore
νf (〈a, x, z, b〉) = νf (η + η
′), νf (〈a, x, y, b〉+ 〈a, y, z, b〉) = νf (η) + νf (η
′).
Since νf is linear on f -regular chains by definition, νf (∂β) = 0. 
Because Hℓ3(a, b) ⊂ C
ℓ
3(a, b)/∂(C
ℓ
3(a, b)), we get:
Corollary 4.15. Under Assumption 4.10, there is a homomorphism
νf : H
ℓ
3(a, b)→ Z.
As an example, let X consist of the vertices and the edges of the cube with edge
length r, see Figure 1. For any x, y ∈ X , we consider the distance d(x, y) given by
the length of the shortest path inside X measured by the usual Euclidean distance
on each edge of X . We number the eight vertices.
1 2
4 6
5 8
3 7
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
Figure 1. The vertices and the edges of a cube
With the distance, (X, d) is a geodesic space. There are six geodesics joining
a = 1 to b = 8, and each pair of these geodesics intersect at points other than a or
b. Thus, by Corollary 3.15, we have Hℓ2(a, b) = 0 for ℓ = d(a, b) = 3r.
Under the same choices a = 1, b = 8 and ℓ = d(a, b) = 3r, we have the following
magnitude 3-cycle in Cℓ3(a, b)
γ = 〈a, 2, 7, b〉 − 〈a, 3, 7, b〉+ 〈a, 3, 5, b〉 − 〈a, 4, 5, b〉+ 〈a, 4, 6, b〉 − 〈a, 2, 6, b〉.
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To show that this cycle defines a non-trivial homology class in Hℓ3(a, b), we notice
that Assumption 4.10 is fulfilled in this case. As a reference geodesic f joining a
to b, we choose that passes through 2 and 7. The cycle γ is a linear combination of
f -regular 3-chains, and we readily see
νf (γ) = 0− 0 + 0− 0 + 0− 1 = −1.
This proves that the homology class [γ] ∈ Hℓ3(a, b) and also the homomorphism νf
are non-trivial.
5. Higher magnitude homology
In this section, we prove Theorem 1.3 (Theorem 5.18) that describes the mag-
nitude homology of a geodesic space under Assumption 4.8. The proof is a com-
putation of the E2-term of the smoothness spectral sequence, and the basic idea
is to construct a homotopy operator on the chain complex in the direct sum de-
composition of the E1-term. Note that the idea to construct a homotopy operator
is ubiquitous, and is applied to other computations of magnitude homology (e.g.
[3]). In view of the proof of Lemma 2.4, a homotopy operator on a complex of
chains may be constructed by an “insertion of a point” to chains. However, under
restrictions about length and arrangements of singular points, we are often unable
to choose an insertion point “globally” on the whole of a chain complex. Instead,
we have to choose insertion points “locally” for each element of a chain complex.
This makes the argument intricate. We begin with two extreme cases (§§5.1 and
§§5.2), and then consider the general case.
5.1. A vanishing result about E2p,1. We establish here a vanishing E
2
p,1 = 0 of
the smoothness spectral sequence for the magnitude homology Hℓ∗(X) with ℓ > 0
under Assumption 4.8. Notice that E2p,1(a, b) = H
ℓ
p+1(〈a, b〉) for any a, b ∈ X .
Definition 5.1. Let (X, d) be a metric space, ℓ a real number, a, b ∈ X two points
such that ℓ > d(a, b), and E1p,q(a, b) the smoothness spectral sequence for the direct
summand of the magnitude homology Hℓ∗(a, b).
• For p ≥ 3, we define ′P ℓp+1(〈a, b〉) ⊂ P
ℓ
p+1(a, b) to be the subset consisting
of (p+1)-chains 〈a, x1, · · · , xp, b〉 such that the first subchain 〈a, x1, x2, x3〉
is not a 4-cut.
• We define ′E1p,1(a, b) ⊂ E
1
p,1(a, b) to be the subgroup generated by chains
in ′P ℓp+1(〈a, b〉) for p ≥ 3, and the trivial group otherwise.
Lemma 5.2. Let (X, d) be a geodesic space, ℓ a real number, a, b ∈ X two points
such that ℓ > d(a, b), and E1p,q(a, b) the smoothness spectral sequence for the direct
summand of the magnitude homology Hℓ∗(a, b). Then any (p+1)-chain in E
1
p,1(a, b)
is homologous to a linear combination of (p+ 1)-chains in ′E1p,1(a, b).
Proof. It is enough to consider the case of p ≥ 2. Let γ = 〈a, x1, · · · , xp, b〉 ∈
E1p,1(a, b) be such that 〈a, x1, x2, x3〉 is a 4-cut, where x3 = b when p = 2. Since X is
geodesic, there is a point x on the geodesic joining a to x1 such that 〈x, x1, x2, x3〉 is
a 4-cut. We then have a (p+2)-chain β = 〈a, x, x1, x2, x3, · · · , xp, b〉 ∈ E1p+1,1(a, b).
Its boundary turns out to be
d1β = −γ +
p∑
i=4
(−1)id1iβ,
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where d1iβ ∈ P
ℓ
p+1(〈a, b〉) is given by
d1iβ =
{
∂iβ, (σ(∂iβ) = p− 1)
0. (σ(∂iβ) 6= p− 1)
For i ≥ 4, if σ(∂iβ) = p − 1, then the first 3-chain of d
1
i β = ∂iβ is 〈a, x, x1, x2〉,
which is not a 4-cut. Hence γ+ d1β ∈ ′E1p,1(a, b). We remark that, if the subchains
〈xi, xi+1, xi+2, xi+3〉, (i = 0, . . . , p− 2, x0 = a) are all 4-cuts, then d1β = −γ. 
Definition 5.3. Let (X, d) be a metric space, ℓ a real number, a, b ∈ X two points
such that ℓ > d(a, b), and E1p,q(a, b) the smoothness spectral sequence for the direct
summand of the magnitude homology Hℓ∗(a, b). For p ≥ 3, we express a given
element ζ ∈ E1p,1(a, b) as follows
ζ =
∑
γ∈F(ζ)
Nγγ, γ = 〈a, x
γ
1 , x
γ
2 , x
γ
3 , · · · , x
γ
p , b〉,
where F(ζ) ⊂ ′P ℓp+1(〈a, b〉) is a finite set, and Nγ ∈ Z.
(a) We define F3(ζ) and F2(ζ) by
F3(ζ) = {(x
γ
1 , x
γ
2 , x
γ
3 ) ∈ X
3| γ ∈ F(ζ)},
F2(ζ) = {(x
γ
1 , x
γ
2 ), (x
γ
2 , x
γ
3 ), (x
γ
1 , x
γ
3 ) ∈ X
2| γ ∈ F(ζ)}.
(b) We define maps δ1, δ2, δ3 : F3(ζ)→ F2(ζ) by
δ1((x1, x2, x3)) = (x2, x3), δ2((x1, x2, x3)) = (x1, x3), δ3((x1, x2, x3)) = (x1, x2).
(c) We generate an equivalence relation ≈ on F3(ζ) ⊔ F2(ζ) by the following
two relations ∼:
• We have (x1, x2, x3) ∼ (x
′
1, x
′
2, x
′
3) for triples in F3(ζ) if
δi((x1, x2, x3)) = δj((x
′
1, x
′
2, x
′
3))
for some pair (i, j) of i = 1, 2, 3 and j = 1, 2, 3. In other words,
{x1, x2, x3} ∩ {x
′
1, x
′
2, x
′
3} consists of two or three points.
• We have (x1, x2) ∼ (x′1, x
′
2, x
′
3) for a pair in F2(ζ) and a triple in
F3(ζ) if (x1, x2) = δi((x′1, x
′
2, x
′
3)) for i = 1, 2 or 3. In other words,
{x1, x2} ∩ {x′1, x
′
2, x
′
3} consists of two points.
Lemma 5.4. Under Assumption 4.8, we consider Definition 5.3. Then there are
x(x1,x2,x3) ∈ X for (x1, x2, x3) ∈ F3(ζ) and x
(x1,x2) ∈ X for (x1, x2) ∈ F2(ζ) which
have the following properties.
• a < x(x1,x2,x3) < x1 for (x1, x2, x3) ∈ F3(ζ).
• a < x(x1,x2) < x1 for (x1, x2) ∈ F2(ζ)
• If λ ≈ µ ∈ F3(ζ) ⊔ F2(ζ), then x
λ = xµ.
Proof. We choose the points in question, focusing on the equivalence classes in
F3(ζ) ⊔ F2(ζ). Let Λ ∈ (F3(ζ) ⊔ F2(ζ))/≈ be an equivalence class. Suppose that
{(xi1, x
i
2, x
i
3)}i ⊂ F3(ζ) consists of all the representatives of Λ. There exists j such
that d(a, xj1) ≥ d(a, x
i
1) for all i. Because of Assumption 4.8, all the points x
i
1 lie
on a unique geodesic joining a to xj1. On this geodesic, we can choose x
Λ such
that a < xΛ < xi1 for all i. (Actually, it suffices to choose x
Λ on the geodesic so
that a < xΛ < xk1 , where k is such that d(a, x
k
1) ≤ d(a, x
i
1) for all i.) We put
x(x
i
1,x
i
2,x
i
3) = xΛ. If (y1, y2) ∈ F2(ζ) is in Λ, then there is z such that (z, y1, y2),
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(y1, z, y2) or (y1, y2, z) belongs to {(xi1, x
i
2, x
i
3)}i ⊂ F3(ζ). In any event, we have
a < xΛ < y1, so that we put x
(y1,y2) = xΛ. Applying this method to the other
equivalence classes, we complete the proof. 
Lemma 5.5. Under Assumption 4.8, let ℓ be a real number, a, b ∈ X two points
such that ℓ > d(a, b), and Erp,q(a, b) the smoothness spectral sequence for the direct
summand Hℓ∗(a, b) of the magnitude homology. Then, for any p ≥ 3 and any (p+1)-
chain ζ ∈ ′E1p,1(a, b), there are Hζ ∈ E
1
p+1,1(a, b) and Hd
1ζ ∈ E1p,1(a, b) such that
d1Hζ +Hd1ζ = −ζ.
Proof. Classifying the chains in F(ζ) by F3(ζ), we can express ζ as follows
ζ =
∑
λ
nλ∑
i=1
Nλi 〈a, x
λ
1 , x
λ
2 , x
λ
3 , x
λ,i
4 , x
λ,i
5 , · · · , x
λ,i
p , b〉,
where λ = (xλ1 , x
λ
2 , x
λ
3 ) runs over F3(ζ). By definition, 〈a, x
λ
1 , x
λ
2 , x
λ
3 〉 is not a 4-cut
for every λ. We define Hζ ∈ E1p+1,1(a, b) to be
Hζ =
∑
λ
nλ∑
i=1
Nλi 〈a, x
λ, xλ1 , x
λ
2 , x
λ
3 , x
λ,i
4 , x
λ,i
5 , · · · , x
λ,i
p , b〉,
by using the points xλ in Lemma 5.4. Notice that neither 〈a, xλ, xλ1 , x
λ
2 〉 nor
〈xλ, xλ1 , x
λ
2 , x
λ
3 〉 is a 4-cut. For a (p− 1)-chain 〈a, x1, x2, · · · , xp−1, b〉 ∈ E
1
p−1,1(a, b)
such that µ = (x1, x2) ∈ F2(ζ), we put
H〈a, x1, x2, · · · , xp−1, b〉 = 〈a, x
µ, x1, x2, · · · , xp−1, b〉 ∈ E
1
p,1(a, b).
Extending this linearly, we define Hd1ζ ∈ E1p,1(a, b). By Lemma 5.4, it holds that
xδk(λ) = xλ for λ ∈ F3(ζ) and k = 1, 2, 3. Thanks to this property, we can verify
d1Hζ +Hd1ζ = −ζ by direct computations. 
Proposition 5.6. Under Assumption 4.8, let ℓ be a real number, and Erp,q(a, b)
the smoothness spectral sequence for the direct summand Hℓ∗(a, b) of the magnitude
homology with a, b ∈ X. If ℓ > d(a, b), then E2p,1(a, b) = 0 for all p.
Proof. In the case of p ≤ 1, we have nothing to prove. The case of p = 2 is already
proved in Proposition 4.3. Therefore we consider the case of p ≥ 3. We prove in
this case that any (p + 1)-cycle ζ ∈ E1p,1(a, b) is null-homologous. We can assume
ζ ∈ ′E1p,1(a, b) by Lemma 5.2. Then Lemma 5.5 leads to ζ = −d
1Hζ. 
5.2. A cycle associated to geodesics.
Definition 5.7. Let (X, d) be a metric space, q a positive integer, ℓ1, . . . , ℓq positive
real numbers, and ϕ = 〈ϕ0, · · · , ϕq〉 ∈ Pq(X) a proper q-chain.
(a) An admissible set {x1, x′1; . . . ;xq, x
′
q} for ϕ consists of x1, x
′
1, . . . , xq, x
′
q ∈ X
such that
ϕi−1 < xi < ϕi, xi 6< ϕi 6< xi+1, xi 6< ϕi 6< x
′
i+1,
ϕi−1 < x
′
i < ϕi, x
′
i 6< ϕi 6< xi+1, x
′
i 6< ϕi 6< x
′
i+1,
for i = 1, . . . , q − 1.
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(b) Given an admissible set {x1, x′1; . . . ;xq, x
′
q} for ϕ, we define
γ(x1, x
′
1; · · · ;xq, x
′
q) = 〈ϕ0, x1 − x
′
1, ϕ1, · · · , ϕq−1, xq − x
′
q, ϕq〉 ∈ C
ℓ1,...,ℓq
2q (ϕ),
where ℓ1 = d(ϕ0, ϕ1), . . . , ℓq = d(ϕq−1, ϕq).
In the above, the notation as noted in Remark 2.1 is applied. For instance,
〈ϕ0, x1 − x
′
1, ϕ1〉 = 〈ϕ0, x1, ϕ1〉 − 〈ϕ0, x
′
1, ϕ1〉,
〈ϕ0, x1 − x
′
1, ϕ1, x2 − x
′
2, ϕ2〉 = 〈ϕ0, x1, ϕ1, x2, ϕ2〉 − 〈ϕ0, x1, ϕ1, x
′
2, ϕ2〉
− 〈ϕ0, x
′
1, ϕ1, x2, ϕ2〉+ 〈ϕ0, x
′
1, ϕ1, x
′
2, ϕ2〉.
Lemma 5.8. The 2q-chain γ(x1, x
′
1; · · · ;xq, x
′
q) ∈ C
ℓ1,...,ℓq
2q (ϕ) in Definition 5.7
satisfies the following
d1γ(x1, x
′
1; · · · ;xq, x
′
q) = ∂γ(x1, x
′
1; · · · ;xq, x
′
q) = 0,
γ(· · · ;xi−1, x
′
i−1;xi, x
′
i;xi+1, x
′
i+1; · · · ) = −γ(· · · ;xi−1, x
′
i−1;x
′
i, xi;xi+1, x
′
i+1; · · · ).
Proof. The verification is straightforward. 
Lemma 5.9. In the setup of Definition 5.7, suppose that
{x1, x
′
1; . . . ;xi, x
′
i; . . . , xq, x
′
q}, {x1, x
′
1; . . . ;xi, x
′
i; . . . , xq, x
′
q}
are admissible for ϕ. If ϕi−1 < xi < xi < ϕi or ϕi−1 < xi < xi < ϕi holds true for
some i, then the associated cycles
γ(x1, x
′
1; · · · ;xi, x
′
i; · · · , xq, x
′
q), γ(x1, x
′
1; · · · ;xi, x
′
i; · · · , xq, x
′
q) ∈ C
ℓ1,...,ℓq
2q (ϕ)
are homologous with respect to d1.
Proof. If ϕi−1 < xi < xi < ϕi, then we have an element
β = 〈ϕ0, x1 − x
′
1, ϕ1, · · · , ϕi−1, xi, xi, ϕi+1, · · · , ϕq−1, xq − x
′
q, ϕq〉 ∈ C
ℓ1,...,ℓq
2q+1 (ϕ)
whose boundary d1β yields the difference of the cycles. The same construction
applies to the case that ϕi−1 < xi < xi < ϕi. 
Lemma 5.10. In the setup of Definition 5.7, we suppose that (X, d) is a geodesic
space satisfying Assumption 4.8. Let fi, f
′
i ∈ Geod(ϕi−1, ϕi) be geodesics such that
fi 6= f ′i for i = 1, . . . , q. Then there are points x
fi ∈ fi((0, ℓi)), xf
′
i ∈ f ′i((0, ℓi))
such that {xf1 , xf
′
1 ; . . . ;xfq , xf
′
q} is admissible for ϕ.
Proof. We put fi = f
0
i , f
′
i = f
1
i , x
fi = x0i and x
f ′i = x1i . In the case of q = 1,
we can arbitrarily choose xj1 ∈ f
j
1 ((0, ℓ1)) for j = 0, 1. In the case of q = 2, we
notice that ϕ0 6< ϕ1 6< ϕ2. To see this relation, suppose ϕ0 < ϕ1 < ϕ2. Then the
concatenation of the geodesics f1 and f2 gives rise to a geodesic joining ϕ0 to ϕ2.
Another geodesic joining ϕ0 to ϕ2 is given by the concatenation of f1 and f2. Since
these geodesics share ϕ1, Assumption 4.8 implies that they must be the same, and
hence f1 = f1. This contradicts to f1 6= f1, so that ϕ0 6< ϕ1 6< ϕ2. Because of this
relation, there are xji ∈ f
j
i ((0, ℓ1)) for i = 1, 2 and j = 0, 1 such that x
j
1 6< ϕ1 6< x
j′
2
for j = 0, 1 and j′ = 0, 1. In the case of q ≥ 3, let k be such that 2 ≤ k ≤ q − 1.
Suppose that we have xji ∈ f
j
i ((0, ℓi)) such that x
j
i 6< ϕi 6< x
j′
i+1 for i = 1, . . . , k− 1,
j = 0, 1 and j′ = 0, 1. Then it holds that xjk 6< ϕk 6< ϕk+1 for j = 0, 1. Actually,
if we assume xjk < ϕk < ϕk+1, then we have a geodesic which joins x
j
k to ϕk+1
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and passes through ϕk and a point on f
0
k+1 other than ϕk or ϕk+1. We also have a
geodesic which joins xjk to ϕk+1 and passes through ϕk and a point on f
1
k+1 other
than ϕk or ϕk+1. Under Assumption 4.8, these geodesics must coincide, which
contradicts to f0k+1 6= f
1
k+1. Therefore x
j
k 6< ϕk 6< ϕk+1 for j = 0, 1. We can then
find xj
′
k+1 ∈ f
j′
k+1((0, ℓk+1)) so that x
j
k 6< ϕk 6< x
j′
k+1 for j = 0, 1 and j
′ = 0, 1. Now,
the induction works, and we end up with an admissible set for ϕ. 
We remark that in the setup of Lemma 5.10, all the points ϕi are singular in ϕ.
Proposition 5.11. In the setup of Definition 5.7, we suppose that (X, d) is a
geodesic space satisfying Assumption 4.8. Let fi, f
′
i ∈ Geod(ϕi−1, ϕi) be geodesics
such that fi 6= f ′i for i = 1, . . . , q.
(a) We have a well-defined homology class
Γ(f1, f
′
1; · · · ; fq, f
′
q) ∈ H
ℓ1,...,ℓq
2q (ϕ)
represented by the cycle γ(xf1 , xf
′
1 ; · · · ;xfq , xf
′
q ) associated to an admissi-
ble set {xf1 , xf
′
1 ; . . . , xfq , xf
′
q} for ϕ such that xfi ∈ fi((0, ℓi)) and xf
′
i ∈
f ′i((0, ℓi)) for i = 1, . . . , q.
(b) For i = 1, . . . , q, it holds that
Γ(· · · ; fi, f
′
i ; · · · ) = −Γ(· · · ; f
′
i , fi; · · · ).
Further, if f ′′k ∈ Geod(ϕk−1, ϕk) is such that f
′′
k 6= fk and f
′′
k 6= f
′
k, then
Γ(· · · ; fk, f
′
k; · · · ) + Γ(· · · ; f
′
k, f
′′
k ; · · · ) = Γ(· · · ; fk, f
′′
k , · · · ).
Proof. (a) To suppress notations, we put fi = f
0
i and f
′
i = f
1
i . We also write X =
{xf
0
1 , xf
1
1 ; . . . , xf
0
q , xf
1
q } for the given admissible set, and γ(X ) for the associated
cycle. Let Y = {yf
0
1 , yf
1
1 ; . . . ; yf
0
q , yf
1
q } be another admissible set for ϕ such that
yf
j
i ∈ f ji ((0, ℓi)) for i = 1, . . . , q and j = 0, 1. We will choose yet another admissible
set Z = {zf
0
1 , zf
1
1 ; . . . ; zf
0
q , zf
1
q } for ϕ such that zf
j
i ∈ f ji ((0, ℓi)) for i = 1, . . . , q and
j = 0, 1, and then prove that the cycle γ(Z) is homologous to both γ(X ) and γ(Y).
We choose Z as follows: First, because xf
j
q and yf
j
q lie on the same geodesic f jq ,
we just choose zf
j
q so as to be ϕq−1 < z
fjq < xf
j
q and ϕq−1 < z
fjq < yf
j
q for j = 0, 1.
Next, notice that Assumption 4.8 implies ϕq−2 6< ϕq−1 6< z
f
j
q−1 for j = 0, 1. We
can then choose zf
j
q−1 for j = 0, 1 such that
ϕq−2 < z
f
j
q−1 < xf
j
q−1 , ϕq−2 < z
f
j
q−1 < yf
j
q−1 zf
j
q−1 6< ϕq−1 6< z
fj
′
q ,
for j = 0, 1 and j′ = 0, 1. We can iterate this choice, and eventually get an
admissible set Z for ϕ such that ϕi−1 < zf
j
i < xf
j
i and ϕi−1 < z
f
j
i < yf
j
i for all
i = 1, . . . , q and j = 0, 1. To prove that γ(Z) and γ(X ) are homologous, observe
that we have the following admissible sets for ϕ
Wi = {z
f01 , zf
1
1 ; . . . ; zf
0
i−1 , zf
1
i−1 ; zf
0
i , xf
1
i ;xf
0
i+1 , xf
1
i+1 ; . . . ;xf
0
q ;xf
1
q },
W ′i = {z
f01 , zf
1
1 ; . . . ; zf
0
i−1 , zf
1
i−1 ; zf
0
i , zf
1
i ;xf
0
i+1 , xf
1
i+1 ; . . . ;xf
0
q ;xf
1
q }.
By Lemma 5.9, the cycle γ(Wi) is homologous to γ(W
′
i), and γ(W
′
i) is homologous
to γ(Wi+1). Therefore γ(X ) = γ(W ′0) and γ(Z) = γ(W
′
q) are homologous. In the
same way, we see that γ(Y) is homologous to γ(Z).
MAGNITUDE HOMOLOGY OF GEODESIC SPACE 29
(b) The first formula is verified on the level of cycles. To show the second formula
involving f ′′k = f
2
k , we choose x
f
j
i ∈ f ji ((0, ℓi)) for i = 1, . . . , q and j = 0, 1 and
xf
2
k ∈ f2i ((0, ℓk) so that
{xf
0
1 , xf
1
1 ; · · · ;xf
0
k ;xf
1
k ; · · · ;xf
0
q , xf
1
q ; },
{xf
0
1 , xf
1
1 ; · · · ;xf
1
k ;xf
2
k ; · · · ;xf
0
q , xf
1
q ; },
{xf
0
1 , xf
1
1 ; · · · ;xf
0
k ;xf
2
k ; · · · ;xf
0
q , xf
1
q ; }
are admissible sets for ϕ. This is possible by a generalization of the argument in the
proof of Lemma 5.10. Then the formula is again verified on the level of cycles. 
Remark 5.12. Let (X, d) be a geodesic space, and ϕ = 〈ϕ0, ϕ1, ϕ2〉 ∈ P ℓ2 (X) a
proper 2-chain of length ℓ > d(ϕ0, ϕ2). In this case, for any geodesics f1, f
′
1 ∈
Geod(ϕ0, ϕ1) and f2, f
′
2 ∈ Geod(ϕ1, ϕ2), we can always define Γ(f1, f
′
1; f2, f
′
2) ∈
Hℓ4(ϕ), without Assumption 4.8. For this homology class, if f1 is equivalent to f
′
1,
then it can happen that Γ(f1, f
′
1; g1, g
′
2) = 0 even if f1 6= f
′
1 and g1 6= g
′
2.
5.3. A description of higher magnitude homology.
Definition 5.13. Let (X, d) be a geodesic space satisfying Assumption 4.8, q ≥
2 an integer, ℓ1, . . . , ℓq positive real numbers, and ϕ = 〈ϕ0, · · · , ϕq〉 ∈ P̂q(X) a
q-chain. Let k be an integer such that 1 ≤ k ≤ q. Suppose d(ϕi−1, ϕi) = ℓi
for i = 1, . . . , k. Suppose also that geodesics f i ∈ Geod(ϕi−1, ϕi) are given for
i = 1, . . . , k. We say that an element ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ) is k-standard if it has the
following expression
ζ =
∑
f1,...,fk
∑
α
Nf1,...,fkα 〈ϕ0, x
f1 − xf1 , ϕ1, · · ·
· ·, ϕk−1, x
fk − xfk , ϕk, x
α,k+1
1 , . . . , x
α,k+1
mα
k+1
, ϕk+1, · · · , ϕq−1, x
α,q
1 , . . . , x
α,q
mαq
, ϕq〉.
In the sum above,
• fi runs over a finite set in Geod(ϕi−1, ϕi) such that fi 6= f i for i = 1, . . . , k,
• α runs over a finite set.
The points xfi and xf i lie on fi and f i, respectively, so that they form an ad-
missible set {xf1 , xf1 ; . . . ;xfk , xfk} for the subchain 〈ϕ0, · · · , ϕk〉. The integers
mαk+1, . . . ,m
α
q are non-negative and satisfy k+m
α
k+1+ · · ·+m
α
q = p. That m
α
j = 0
means there is no point between ϕj−1 and ϕj .
When p > q, we regard a q-standard element ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ) as trivial.
Lemma 5.14. Let (X, d) be a geodesic space satisfying Assumption 4.8, q ≥ 2 an
integer, ℓ1, . . . , ℓq positive real numbers, and ϕ = 〈ϕ0, · · · , ϕq〉 ∈ P̂q(X) a q-chain.
Suppose that we are given an element ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ).
(a) If ℓ1 > d(ϕ0, ϕ1), then there are Hζ ∈ C
ℓ1,...,ℓq
p+q+1 (ϕ) and Hd
1ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ)
such that d1Hζ +Hd1ζ = −ζ.
(b) If ℓ1 = d(ϕ0, ϕ1), then there are Hζ ∈ C
ℓ1,...,ℓq
p+q+1 (ϕ) and Hd
1ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ)
such that d1Hζ+Hd1ζ = πζ − ζ, where πζ ∈ C
ℓ1,...,ℓq
p+q (ϕ) is 1-standard. In
particular, πζ = 0 if p = 0.
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Proof. (a) In this case, let us express ζ as
ζ =
∑
α
Nα〈ϕ0, x
α,1
1 , . . . , x
α,1
mα1
, ϕ1, · · · 〉.
Note that mα1 ≥ 2 for all α. Applying the argument in the proof of Lemma 5.2
and Lemma 5.5 to the subchains 〈ϕ0, x
α,1
1 , . . . , x
α,1
mα1
, ϕ1〉 ∈ C
ℓ1
mα1+1
(〈ϕ0, ϕ1〉), we can
construct Hζ ∈ C
ℓ1,...,ℓq
p+q+1 (ϕ) and Hd
1ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ) such that d
1Hζ+Hd1ζ = −ζ.
(b) We can express ζ as ζ = ζ0 + ζ1 + · · · , where
ζ0 =
∑
α0
Nα0〈ϕ0, ϕ1, x
α0,2
1 , . . . , x
α0,2
m
α0
2
, ϕ2, · · · 〉,
ζj =
∑
αj
Nαj 〈ϕ0, x
αj ,1
1 , . . . , x
αj ,1
j , ϕ1, x
αj ,2
1 , . . . , x
αj ,2
m
αj
2
, ϕ2, · · · 〉,
where αj runs over a finite set Aj for each j. If j ≥ 1, then the points xα1 , . . . , x
α
j
lie on a geodesic joining ϕ0 to ϕ1. Classifying the chains according to the geodesics
joining ϕ0 to ϕ1, we can express ζj as
ζj =
∑
f
∑
βj
Nfβj〈ϕ0, x
f,βj ,1
1 , . . . , x
f,βj ,1
j , ϕ1, x
f,βj ,2
1 , . . . , x
f,βj ,2
m
βj
2
, ϕ2, · · · 〉,
where f runs over a finite set Fj ⊂ Geod(ϕ0, ϕ1), βj over a finite set Bj, and
the points x
f,βj ,1
1 , . . . , x
f,βj ,1
j lie on f . We put F = {f} ∪
⋃
j Fj , which is also
a finite subset in Geod(ϕ0, ϕ1). Here f ∈ Geod(ϕ0, ϕ1) is a geodesic chosen as a
reference, which may already be included in some Fj . For each f ∈ F , we can choose
xf ∈ f((0, ℓ1)) such that ϕ0 < x
f < xf,β,11 for all β ∈
⋃
j≥1 Bj and x
f 6< ϕ1 6< x
α0,2
1
for all α0 ∈ A0, where x
α0,2
1 = ϕ2 if m
α0
2 = 0. From ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ), it follows that
xf 6< ϕ1 6< x
f,β,2
1 for all f ∈ F and β ∈
⋃
j≥1 Bj . Now, we put
Hζ0 =
∑
α0
Nα0〈ϕ0, x
f , ϕ1, x
α0,2
1 , . . . , x
α0,2
m
α0
2
, ϕ2, · · · 〉,
Hζj =
∑
f
∑
βj
Nfβj〈ϕ0, x
f , x
f,βj ,1
1 , . . . , x
f,βj ,1
j , ϕ1, x
f,βj ,2
1 , . . . , x
f,βj ,2
m
βj
2
, ϕ2, · · · 〉,
for j ≥ 1. Then Hζ = Hζ0+Hζ1+ · · · ∈ C
ℓ1,...,ℓq
p+q+1 (ϕ). The boundary d
1ζ is a linear
combination of the chains of the following forms
〈ϕ0, ϕ1, x
2
1, · · · 〉, 〈ϕ0, x
f
1 , . . . , x
f
j , ϕ1, x
2
1, · · · 〉,
where xf1 , . . . , x
f
j are on a geodesic f ∈ F . For these chains appearing in d
1ζ, we
can make sense of the following chains, thanks to the nature of xf ,
H〈ϕ0, ϕ1, x
2
1, · · · , 〉 = 〈ϕ0, x
f , ϕ1, x
2
1, · · · 〉,
H〈ϕ0, x
f
1 , . . . , x
f
j , ϕ1, x
2
1, · · · 〉 = 〈ϕ0, x
f , xf1 , . . . , x
f
j , ϕ1, x
2
1, · · · 〉.
As a linear extension, we get Hd1ζ = Hd1ζ0+Hd
1ζ1+ · · · ∈ C
ℓ1,...,ℓq
p+q (ϕ). By direct
computation, we find d1Hζj+Hd
1ζj = −ζj for j 6= 1. We also find d1Hζ1+Hd1ζ1 =
πζ1 − ζ1, where
πζ1 =
∑
f 6=f
∑
β1
Nfβ1〈ϕ0, x
f − xf , ϕ1, x
f,β1,2
1 , . . . , x
f,β1,2
m
β1
2
, ϕ2, · · · 〉.
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Clearly, πζ = πζ1 is 1-standard. If p = 0, then ζ = ζ0, so that πζ = 0. 
Lemma 5.15. In the setup of Definition 5.13, suppose that we have points xfi on
fi and x
fi on f i such that ϕi−1 < x
fi < xfi and ϕi−1 < x
fi < xf i for i = 1, . . . , k
and the set {xf1 , xf1 ; . . . ;xfk , xfk} is admissible for 〈ϕ0, · · · , ϕk〉. Then there are
Hζ ∈ C
ℓ1,...,ℓq
p+q+1 (ϕ) and Hd
1ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ) such that d
1Hζ +Hd1ζ = ζ − ζ, where
ζ =
∑
f1,...,fk
∑
α
Nf1,...,fkα 〈ϕ0, x
f1 − xf1 , ϕ1, · · ·
· ·, ϕk−1, x
fk − xfk , ϕk, x
α,k+1
1 , . . . , x
α,k+1
mα
k+1
, ϕk+1, · · · , ϕq−1, x
α,q
1 , . . . , x
α,q
mαq
, ϕq〉.
Proof. Notice that ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ) makes sense because of the assumptions ϕk−1 <
xfk < xfk and ϕk−1 < x
fk < xfk . Notice also that we have
xfi 6< ϕi 6< x
fi+1 , xfi 6< ϕi 6< x
f i+1 ,
xfi 6< ϕi 6< x
fi+1 , xfi 6< ϕi 6< x
fi+1 ,
for i = 1, . . . , k−1. The elements ζ and d1ζ are linear combinations of the elements
of the following form
ξ = 〈ϕ0, x
f1 − xf1 , ϕ1, · · · , ϕk−1, x
fk − xfk , ϕk, x
k+1
1 , · · · 〉.
For such an element ξ and j = 1, . . . , k, we define Hjξ by
Hjξ = 〈ϕ0, x
f1 − xf1 , ϕ1, · · · , ϕi−2, x
fi−1 − xfi−1 ,
ϕi−1, x
fi , xfi , ϕi, x
fi+1 − xfi+1 , ϕi+1, · · · , ϕk−1, x
fk − xfk , ϕk, x
k+1
1 , · · · 〉
− 〈ϕ0, x
f1 − xf1 , ϕ1, · · · , ϕi−2, x
fi−1 − xfi−1 ,
ϕi−1, x
fi , xf i , ϕi, x
fi+1 − xfi+1 , ϕi+1, · · · , ϕk−1, x
fk − xfk , ϕk, x
k+1
1 , · · · 〉.
We now get Hjζ ∈ C
ℓ1,...,ℓq
p+q+1 (ϕ) and Hjd
1ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ) by extending the definition
above linearly. For the elements Hζ =
∑
jHjζ and Hd
1ζ =
∑
j Hjd
1ζ, we can
verify d1Hζ +Hd1ζ = ζ − ζ. (cf. the proof of Lemma 5.9) 
Lemma 5.16. Let (X, d) be a geodesic space satisfying Assumption 4.8, q ≥ 2 an
integer, ℓ1, . . . , ℓq positive real numbers, and ϕ = 〈ϕ0, · · · , ϕq〉 ∈ P̂q(X) a q-chain.
Suppose that an element ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ) is k-standard, where 1 ≤ k ≤ q − 1.
(a) If ℓk+1 > d(ϕk, ϕk+1), then there are Hζ ∈ C
ℓ1,...,ℓq
p+q+1 (ϕ) and Hd
1ζ ∈
C
ℓ1,...,ℓq
p+q (ϕ) such that d
1Hζ +Hd1ζ = −ζ.
(b) If ℓk+1 = d(ϕk, ϕk+1), then there are Hζ ∈ C
ℓ1,...,ℓq
p+q+1 (ϕ) and Hd
1ζ ∈
C
ℓ1,...,ℓq
p+q (ϕ) such that d
1Hζ + Hd1ζ = πζ − ζ, where πζ ∈ C
ℓ1,...,ℓq
p+q (ϕ)
is (k + 1)-standard. In particular, πζ = 0 if p = k.
Proof. The proof will be a generalization of Lemma 5.14, in which we need Lemma
5.15 to resolve an issue present in the case of k ≥ 2. We first prove (b). In
this case, focusing on the number of points which follow ϕk, we can express ζ as
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ζ = ζ0 + ζ1 + · · · , where ζ0 and ζj for j ≥ 1 have the expressions
ζ0 =
∑
f1,...,fk
∑
α∈A0
Nf1,...,fkα 〈· · · , ϕk−1, x
fk − xfk , ϕk, ϕk+1, x
α,k+2
1 , · · · 〉,
ζj =
∑
f1,...,fk
∑
fk+1
∑
β∈Bj
N
f1,...,fk+1
βj
〈· · · , ϕk−1, x
fk − xfk , ϕk, x
fk+1,β,k+1
1 , · · · ,
· · · , x
fk+1,β,k+1
j , ϕk+1, · · · 〉.
In the above, each fi runs over a finite set in F ij ⊂ Geod(ϕi−1, ϕi), A0 and Bj are
finite sets, and the points x
fk+1,β,k+1
i lie on fk+1. As in the proof of Lemma 5.14,
we can choose xfk+1 ∈ fk+1((0, ℓk+1)) for fk+1 ∈ Fk+1 = {fk+1} ∪
⋃
j F
k+1
j such
that ϕ0 < x
fk+1 < x
fk+1,β,k+1
1 for all β ∈
⋃
j≥1 Bj and x
fk+1 6< ϕk+1 6< x
α,k+2
1 for
all α ∈ A0. Notice here that the relations xfk 6< ϕk 6< x
fk+1 may be not satisfied by
xfk+1 . However, we have ϕk−1 6< ϕk 6< x
fk+1 under Assumption 4.8. Hence we can
find xfk on fk so as to be ϕk−1 < x
fk < xfk and xfk 6< ϕk 6< x
fk+1 for all relevant
fk and fk+1. By Lemma 5.15, we have H
′ζ ∈ C
ℓ1,...,ℓq
p+q+1 (ϕ) and H
′d1ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ)
such that H ′d1ζ + H ′d1ζ = ζ − ζ, where ζ is given by replacing xfi and xfi
in ζ by xfi and xfi respectively. For ζ, we can directly generalize Lemma 5.14
by using xfk+1 , and get H ′′ζ ∈ C
ℓ1,...,ℓq
p+q+1 (ϕ) and H
′′d1ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ) such that
d1H ′′ζ +H ′′d1ζ = πζ − ζ, in which πζ is (k+1)-standard and πζ = 0 when p = k.
In summary, (b) is satisfied by
Hζ = H ′ζ +H ′′ζ ∈ C
ℓ1,...,ℓq
p+q+1 (ϕ), Hd
1ζ = H ′d1ζ +H ′′d1ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ).
Now, (a) is shown in the same way: Let ζ be as in Definition 5.13. Under the
assumption d(ϕk, ϕk+1) > ℓk+1, we focus on the points which follow ϕk, and find
some points xλ so that we can apply the constructions in the proof of Lemma 5.2
and Lemma 5.5. Though xfk 6< ϕk 6< x
λ may be not satisfied, Assumption 4.8
allows us find points xfi such that we can apply the constructions by using xλ to
the element ζ given by replacing xfi in ζ by xfi . The elements ζ and ζ are related as
in Lemma 5.15, and we finally get Hζ and Hd1ζ such that d1Hζ+Hd1ζ = −ζ. 
Proposition 5.17. Let (X, d) be a geodesic space satisfying Assumption 4.8, q ≥ 2
an integer, ℓ1, . . . , ℓq positive real numbers, and ϕ = 〈ϕ0, · · · , ϕq〉 ∈ P̂q(X).
(a) H
ℓ1,...,ℓq
p+q (ϕ) = 0 if ℓi > d(ϕi−1, ϕi) for some i or p 6= q.
(b) In the case that ℓi = d(ϕi−1, ϕi) for i = 1, . . . , q and p = q, we choose
f i ∈ Geod(ϕi−1, ϕi) for each i. Then we have
H
ℓ1,...,ℓq
2q (ϕ) =
⊕
(fi) 6=(fi)
ZΓ(f1, f1; · · · ; fq; fq),
where (fi) = (f1, . . . , fq) runs over Geod(ϕ0, ϕ1) × · · · × Geod(ϕq−1, ϕq)
such that fi 6= f i for i = 1, . . . , q.
Proof. We apply Lemma 5.14 and then Lemma 5.16 inductively to a given cycle
ζ ∈ C
ℓ1,...,ℓq
p+q (ϕ). If ℓi > d(ϕi−1, ϕi) for some i or p 6= q, then ζ turns out to be
null-homologous at some step, so that (a) follows. If ℓi = d(ϕi−1, ϕi) for all i and
p = q, then we finally see that ζ is homologous to a linear combination of the cycles
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representing Γ(f1, f1; · · · ; fq, f q). Hence these homology classes form a generating
set of H
ℓ1,...,ℓq
2q (ϕ).
To complete the proof of (b), we shall show that this generating set is a basis.
To make the argument clear, let ZΓ˜ be the free abelian group generated by the
formal symbols Γ˜(f1; · · · ; fq) associated to fi ∈ Geod(ϕi−1, ϕi) such that fi 6= f i.
There is the obvious homomorphism
̟ : ZΓ˜→ H
ℓ1,...,ℓq
2q (ϕ), ̟(Γ˜(f1; · · · ; fq)) = Γ(f1, f1; · · · ; fq; fq).
This is surjective, since we already know the generating set of H
ℓ1,...,ℓq
2q (ϕ). To see
that ̟ is injective, we construct a homomorphism ̺ : H
ℓ1,...,ℓq
2q (ϕ)→ ZΓ˜ as follows.
Let Z
ℓ1,...,ℓq
2q (ϕ) ⊂ C
ℓ1,...,ℓq
2q (ϕ) be the group of cycles. For a cycle ζ ∈ Z
ℓ1,...,ℓq
2q (ϕ)
given, we can express it as ζ = ζ′+ζ′′, where the chains in ζ′ belong to C
ℓ1,...,ℓq
2,...,2 (ϕ),
and those in ζ′′ do not. We can then express ζ′ in the following way
ζ′ =
∑
f1,...,fq
∑
if1 ,...,ifq
N
f1,...,fq
if1 ,...,ifq
〈ϕ0, x
f1
if1
, ϕ1, · · · , ϕq−1, x
fq
ifq
, ϕq〉,
where fj runs over (a finite set in) Geod(ϕj−1, ϕj), the index ifj over a finite set
for each fj , and the point x
fj
ifj
lies on fj . We define ˜̺ : Z
ℓ1,...,ℓq
2q (ϕ)→ ZΓ˜ by
˜̺(ζ) = ˜̺(ζ′) =
∑
f1 6=f1,...,fq 6=fq
∑
if1 ,...,ifq
N
f1,...,fq
if1 ,...,ifq
Γ˜(f1; · · · ; fq).
Let us consider a chain of the following form
β = 〈· · · , ϕj−2, x
fj−1 , ϕj−1, x
fj , xfj , ϕj , x
fj+1 , ϕj+1, · · · 〉 ∈ C
ℓ1,...,ℓq
2q+1 (ϕ),
where xfj and xfj lie on fj ∈ Geod(ϕj−1, ϕj). The part of d
1ζ that belongs to
C
ℓ1,...,ℓq
2,...,2 (ϕ) is
− 〈· · · , ϕj−2, x
fj−1 , ϕj−1, x
fj , ϕj , x
fj+1 , ϕj+1, · · · 〉
+ 〈· · · , ϕj−2, x
fj−1 , ϕj−1, x
fj , ϕj , x
fj+1 , ϕj+1, · · · 〉.
Because xfj and xfj line on the same geodesic fj, it follows that ˜̺(d
1β) = 0. The
boundary of a chain in C
ℓ1,...,ℓq
2q+1 (ϕ) which is not the form of β above contributes
trivially to ˜̺. Hence ˜̺ is trivial on the subgroup d1(C
ℓ1,...,ℓq
2q+1 (ϕ)) of boundaries. As
a result, ˜̺ descends to induce a homomorphism ̺ in question. It is easy to see that
̺ ◦̟ is the identity homomorphism on ZΓ˜. Therefore ̟ is injective. 
Now, Theorem 1.3 directly follows from the proposition above.
Theorem 5.18. Let (X, d) be a geodesic space satisfying Assumption 4.8, and
Hℓn(X) the nth magnitude homology of X with length ℓ > 0.
(a) If n is odd, then Hℓn(X) = 0 for any ℓ.
(b) If n = 2q is even, then
Hℓn(X)
∼=
⊕
ℓ1,...,ℓq
⊕
ϕ0,...,ϕq
⊕
f1,...,fq
Z(f1, . . . , fq).
In the above, the direct sum is taken over:
• positive real numbers ℓ1, . . . , ℓq such that ℓ = ℓ1 + · · ·+ ℓq,
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• points ϕ1, . . . , ϕq ∈ X such that d(ϕi−1, ϕi) = ℓi for = 1, . . . , q;
• geodesics fi ∈ Geod(ϕi−1, ϕi) such that fi 6= f i for i = 1, . . . , q,
where f i ∈ Geod(ϕi−1, ϕi) are geodesics chosen arbitrarily as references.
We mean by Z(f1, . . . , fq) the free abelian group of rank 1 generated by the
formal symbol (f1, . . . , fq).
Proof. Recall the direct sum decomposition of the spectral sequence
E2p,q =
⊕
ϕ∈P̂q(X)
⊕
ℓ1,...,ℓq>0
ℓ1+···+ℓq=ℓ
H
ℓ1,...,ℓq
p+q (ϕ).
By Proposition 5.6 and Proposition 5.17, we have E2p,q = 0 if p 6= q. This proves
(a), and also the E2-degeneracy of the spectral sequence. Using Proposition 5.17
again, we get
Hℓ2q(X) = E
2
q,q =
⊕
ϕ∈Pq(X)
⊕
ℓ1,...,ℓq>0
ℓ1+···+ℓq=ℓ
H
ℓ1,...,ℓq
2q (ϕ).
Describing H
ℓ1,...,ℓq
2q (ϕ) in terms of the basis, we complete the proof of (b). 
Corollary 5.19. If (X, d) is a geodesic space satisfying Assumption 4.8, then its
magnitude homology Hℓn(X) is torsion free for any n and ℓ.
Corollary 5.20. Let (X, d) be a uniquely geodesic space, and Hℓn(X) its magnitude
homology. If n 6= 0 or ℓ 6= 0, then Hℓn(X) = 0.
Since the geodesic spaces satisfying Assumption 4.8 cover connected and com-
plete Riemannian manifolds, we can compute their magnitude homology groups by
using Theorem 5.18 and knowledge of geodesics. As an example, let us consider the
circle S1 of radius r equipped with geodesic distance. Any distinct points a, b ∈ S1
such that d(a, b) < πr has a unique geodesic joining a to b. For any point a ∈ S1,
there is a unique point aˇ ∈ S1 such that d(a, aˇ) = πr, and there are two distinct
geodesics joining a to aˇ. With this knowledge and Theorem 5.18, we easily get
Hℓn(S
1) ∼=
{
Z[S1], (n ≥ 0 even and ℓ = πrn/2)
0. (otherwise)
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